A Study of the Structure of Turbulent Shear Flow in Pipes. by Brookshire, William Alfred
Louisiana State University
LSU Digital Commons
LSU Historical Dissertations and Theses Graduate School
1961
A Study of the Structure of Turbulent Shear Flow in
Pipes.
William Alfred Brookshire
Louisiana State University and Agricultural & Mechanical College
Follow this and additional works at: https://digitalcommons.lsu.edu/gradschool_disstheses
This Dissertation is brought to you for free and open access by the Graduate School at LSU Digital Commons. It has been accepted for inclusion in
LSU Historical Dissertations and Theses by an authorized administrator of LSU Digital Commons. For more information, please contact
gradetd@lsu.edu.
Recommended Citation
Brookshire, William Alfred, "A Study of the Structure of Turbulent Shear Flow in Pipes." (1961). LSU Historical Dissertations and
Theses. 646.
https://digitalcommons.lsu.edu/gradschool_disstheses/646
T his d isserta tion  has been Mic 61—2117 
m icrofilm ed  exactly  as rece iv ed
BROOKSHIRE, W illiam  A lfred. A STUDY OF 
THE STRUCTURE OF TURBULENT SHEAR 
FLOW IN PIPES.
Louisiana State U n iversity , P h .D ., 1961 
Engineering, ch em ica l
University Microfilms, Inc., Ann Arbor, Michigan
A STUDY OF THE STRUCTURE OF TURBULENT SHEAR FLOW IN PIPES
A Dissertation
Submitted to the Graduate Faculty of the 
Louisiana State University and 
Agricultural and Mechanical College 
in partial fulfillment of the 
requirements for the degree of 
Doctor of Philosophy
in
The Department of Chemical Engineering
by
William Alfred Brookshire A 
B.S., University of Houston, 1957 
M.S., Louisiana State University, 1959 
January, 1961
ACKNOWLEDGEMENTS
Many people have given their assistance to this research. 
Dr. Adrian Johnson and Mr. Larry Morton did much of the com­
puter work. Mr. L. M. Carpenter assisted in setting up the 
apparatus. Mr. Elmo P. Bergeron took many of the photographs 
and Miss Helen Chisholm superbly typed this dissertation. The 
assistance of these people is sincerely appreciated.
Dr. D. U. von Rosenberg's guidance and assistance in 
directing this work is sincerely appreciated. A special 
thanks is extended to Professor W. E. Owens, of the Department 
of Electrical Engineering, who gave very unselfishly of his 
time to the solution of many of the instrumentation problems 
in this research. The author is indebted to his wife,
Cynthia Gaida Brookshire, who not only tolerated him but 
assisted in the preparation of this dissertation. The finan­
cial assistance of the Humble Division of Humble Oil and 
Refining Company is gratefully acknowledged.
ii
TABLE OF CONTENTS
ABSTRACT
CHAPTER
I INTRODUCTION
II THEORY
1. Definition of Turbulent Flow
2. Comparison of Turbulent Motion to
Molecular Motion
3. Definition of Turbulence Quantities
4. Isotropic and Homogeneous Turbulence
5. Navier-Stokes, Continuity, and
Reynolds Equations
6. Reynolds Equations for Pipe Flow
7. Pai's Mean Velocity Distribution
8. "Law of the Wall," Logarithmic Velocity
Distribution, and Deissler Equation 
for Mean Velocity Distribution
9. Correlation Coefficients and Dissipa­
tion Length
10. Hot Wire Anemometry
11. Directional Sensitivity of the Hot Wire 
III APPARATUS
1. Design and Details of the Test Equipment
2. Hot Wire Anemometer
3. Auxiliary Equipment
IV EXPERIMENTAL STUDIES
1. General on the Measurement of Turbulence
2. Mean Velocity Measurements
3. Intensity of Turbulence Measurements
4. Oscillogram Studies of the Fluctuating
Velocity
5. Dissipation Length Measurements
6. Cross Wire Measurements
Page
x
1
3
3
4
5 
8
9
13
19
23
26
29
34
40
40
45
52
53
53
55
62
71
75
78
iii
CHAPTER Page
V CORRELATION AND INTERPRETATION OF RESULTS 82
1. Mean Velocity 82
2. Intensity of Turbulence 89
3. Dissipation Length 93
4. uw Correlation 93
5. Azimuthal Intensity 95
6. Laminar Sublayer 97
VI CONCLUSIONS 99
VII RECOMMENDATIONS 103
SELECTED BIBLIOGRAPHY 105
APPENDIX 107
A RESULTS 108
B THE DETERMINATION OF n (PAI'S EQUATION) BY
THE METHOD OF LEAST SQUARES 126
C DERIVATION OF EQUATIONS FOR CROSS WIRE
MEASUREMENTS 129
D ERROR ANALYSIS 134
E CALIBRATION OF MULTIPLIER ON THE RMS ANALYZER 137
F CALIBRATION OF THE HOT WIRE 140
G SAMPLE CALCULATIONS 142
H NOMENCLATURE 144
AUTOBIOGRAPHY 149
iv
LIST OF TABLES
TABLE
I
II
III
IV
V
VI
VII
VIII
IX
X
XI
XII
XIII
XIV
Page
RESULTS OF TURBULENCE MEASUREMENTS 
(Re =» 201,000) 108
RESULTS OF TURBULENCE MEASUREMENTS 
(Re « 186,000) 109
RESULTS OF TURBULENCE MEASUREMENTS 
(Re » 163,000) 110
RESULTS OF TURBULENCE MEASUREMENTS 
(Re = 146,500) 111
RESULTS OF TURBULENCE MEASUREMENTS 
(Re « 123,000) 112
RESULTS OF TURBULENCE MEASUREMENTS 
(Re = 99,500) 113
RESULTS OF TURBULENCE MEASUREMENTS 
(Re = 81,800) 114
RESULTS OF TURBULENCE MEASUREMENTS 
(Re o 61,000) 115
RESULTS OF TURBULENCE MEASUREMENTS 
(Re => 39,800) 116
RESULTS OF TURBULENCE MEASUREMENTS 
(Re = 20,000) 117
RESULTS OF TURBULENCE MEASUREMENTS 
(Re = 9,780) 118
RESULTS OF TURBULENCE MEASUREMENTS 
(Re = 4,800) 119
CROSS WIRE MEASUREMENTS 120
CROSS WIRE MEASUREMENTS 121
v
TABLE Page
XV LAMINAR SUBLAYER 122
XVI LAUFER'S DATA 123
XVII PARAMETERS FOR THE DESCRIPTION OF TURBULENT
PIPE FLOW 124
XVIII OSCILLOGRAM DATA 125
/
vi
LIST OF FIGURES
FIGURE Page
(la) RESOLUTION OF THE VELOCITY VECTOR INTO ITS
COMPONENTS 35
(lb) CROSS WIRE MEASUREMENTS 35
(2) SCHEMATIC OF SERVO CONTROL AMPLIFIER 37
(3) TEST EQUIPMENT 41
(4a) BLOWERS AND FLOW CONTROLLING VANE 42
(4b) BLOWERS, CALMING AND TEST SECTION 42
(5a) MODEL I I H R TYPE 3A TWIN CHANNEL HOT WIRE
ANEMOMETER 43
(5b) PITOT TUBE AND ADJUSTABLE DRAFT GAGE 43
(6) PROBE WITH MOUNT AND TRAVERSING MECHANISM 49
(7a) PROBE MOUNTED IN PIPE (Inside View) 50
(7b) PROBE MOUNTED IN PIPE (Outside View) 50
(8a) PROBE TIP (Cross Wire) 51
(8b) PROBE TIP (Single Wire) 51
(9) MEAN VELOCITY PROFILE IN THE TURBULENT CORE
(High Velocity) 56
(10) MEAN VELOCITY PROFILE IN THE TURBULENT CORE
(Moderate Velocity) 57
(11) MEAN VELOCITY PROFILE IN THE TURBULENT CORE
(Low Velocity) 58
(12) MEAN VELOCITY PROFILE IN THE WALL REGION
(High Velocity) 59
t
vii
FIGURE
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)} 
(21) 
(22)
(23)
(24)
(25)
(26)
(27)
(28)
MEAN VELOCITY PROFILE IN THE WALL REGION 
(Moderate Velocity)
MEAN VELOCITY PROFILE IN THE WALL REGION 
(Low Velocity)
INTENSITY OF TURBULENCE IN THE TURBULENT 
CORE (High Velocity)
INTENSITY OF TURBULENCE IN THE TURBULENT 
CORE (Low Velocity)
INTENSITY OF TURBULENCE IN THE OUTER EDGE 
OF THE TRANSITION REGION (High Velocity)
INTENSITY OF TURBULENCE IN THE OUTER EDGE 
OF THE TRANSITION REGION (Low Velocity)
INTENSITY OF TURBULENCE IN THE WALL REGION 
(High Velocity)
INTENSITY OF TURBULENCE IN THE V/ALL REGION 
(Moderate Velocity)
INTENSITY OF TURBULENCE IN THE WALL REGION 
(Low Velocity)
OSCILLOGRAMS OF THE AXIAL FLUCTUATING VELOCITY 
Re = 186,000
OSCILLOGRAMS OF THE AXIAL FLUCTUATING VELOCITY 
Re = 61,000
OSCILLOGRAMS OF THE AXIAL FLUCTUATING VELOCITY 
Re = 6,630
DISSIPATION LENGTH IN THE TURBULENT CORE
DISSIPATION LENGTH IN THE TURBULENT CORE
AZIMUTHAL INTENSITY OF TURBULENCE (Turbulent 
Core')
CORRELATION BETWEEN AXIAL AND AZIMUTHAL 
FLUCTUATING VELOCITIES (Turbulent Core)
Page
60
61
63
64
65
66
67
68 
69
72
73
74
76
77
80
81
viii
FIGURE Page
(29) EXPERIMENTAL DATA ON MEAN VELOCITY 83
(30) COMPARISON OF MEAN VELOCITY EQUATIONS AND
DATA FOR Re - 201,000 87
(31) COMPARISON OF MEAN VELOCITY EQUATIONS 88
(32) INTENSITY CORRELATION NEAR THE WALL 90
(33) INTENSITY CORRELATION IN TURBULENT CORE 92
(34) CORRELATION BETWEEN AXIAL AND AZIMUTHAL 
FLUCTUATING VELOCITIES IN THE TURBULENT
CORE 94
(35) AZIMUTHAL INTENSITY CORRELATION IN THE
TURBULENT CORE 96
(36) THICKNESS OF LAMINAR SUBLAYER 98
(37) CALIBRATION OF RMS ANALYZER CHANNEL 1 138
(38) CALIBRATION OF RMS ANALYZER CHANNEL 1 139
(39) CALIBRATION OF THE HOT WIRE 141
ix
ABSTRACT
The present status of knowledge of turbulent shear flow 
In pipes Is Inadequate for the formulation of a general theory. 
It is felt that more experimental data and the subsequent in­
terpretation of these data will be necessary before a workable 
theory can be formulated. It is to this end that this research 
was conducted.
The experimental studies were carried out in a 40 foot 
length of schedule 40 aluminum pipe which was preceded by a 
large calming box. The turbulence quantities and mean veloc­
ity were measured with a constant temperature hot wire 
anemometer.
The choice of a pipe as a test section is an excellent 
one as it yields turbulence that is homogeneous in two di­
rections. This homogeneity greatly simplifies the Reynolds 
equations for turbulent pipe flow. It is shown by the Reynolds 
equations and the boundary conditions that there is a definite 
tendency toward isotropy at the pipe center, i.e., uv = = W
and w' = v 1. The only condition lacking for isotropy is u* = v' 
and the data of Laufer13 show that this condition was satisfied 
in his test equipment.
x
In this research mean velocity and axial intensity of 
turbulence were measured at twelve different Reynolds numbers 
varying between 4,800 and 201,000. At each Reynolds number 
measurements were made at twenty-seven points distributed 
almost logarithmically with respect to distance from the wall. 
Axial dissipation length was measured at the same points as 
mean velocity and axial intensity; however, the minimum 
Reynolds number in the dissipation length studies was 81,800. 
Azimuthal intensity and correlation between the azimuthal and 
axial fluctuating velocity were measured at eight Reynolds 
numbers varying between 39,800 and 201,000. These measure­
ments were made only in the turbulent core.
The axial and azimuthal intensity of turbulence are a 
minimum at the pipe center and, in the turbulent core, increase 
almost linearly as the pipe wall is approached. The axial in­
tensity reached a maximum very near the wall at a dimensionless 
distance, Y+, of about 15. At Reynolds number of 4,800 and a 
distance from the wall of 0.0025 inches no turbulence was 
detectable. This is, to the knowledge of the author, the only 
experimental evidence of a true laminar sublayer in turbulent 
flow.
Oscillograms of the axial fluctuating velocity, very near 
the wall, showed velocity spikes (sharp increases in velocity) 
similar to those observed by von Rosenberg25 in parallel flat jets.
xi
The axial dissipation length measurements were a maximum 
near the pipe center and decreased to a minimum near the pipe 
wall. These measured dissipation lengths were nearly independ­
ent of Reynolds number except in the region near the wall where 
dissipation length decreased with increasing Reynolds number.
The mean velocity data correlated well with the logarith­
mic velocity distribution for Y+ > 30 and with U+ = Y+ for 
Y+ < 6. A second equation, derived by Pai18, was compared to 
the mean velocity data. This equation gave excellent agree- 
ment in the turbulent core and for Y <4, but showed devia­
tions up to 20% in the outer edge of the transition region.
Pai’s equation has the virtue of satisfying the Reynolds
$
equations which the logarithmic velocity profile does not.
The axial intensity of turbulence written in dimension- 
less form was found to be a function only of Y+ for Y+ < 7 
and for Re > 20,000, this result may be extended to Y+ ^  40.
In the turbulent core u'/U* and w'/U* appear to be primarily 
a function of radial position and only slightly a function of 
Reynolds number.
xii
CHAPTER I 
INTRODUCTION
At present, the knowledge o£ turbulent shear flow Is In­
adequate for the formulation of a general theory that is sound 
and complete. It is the feeling of most researchers in this 
field that more experimental work, and the subsequent inter­
pretation of the results, will be necessary before a workable 
theory can be formulated. It is to this end that the present 
research was undertaken, namely, to take experimental data on 
turbulent shear flow in pipes and to ascertain, as far as 
possible, the relationships between the experimental variables.
The reason for the choice of the pipe as a test section 
was twofold: (1) Steady state incompressible pipe flow
affords a turbulence that is homogeneous in two directions.
The relevant equations are thus greatly simplified by the 
absence of many of the terms present in other types of flow.
(2) Turbulent pipe flow is of great importance to the chemical 
engineer; and a general theory, or even a better understanding 
of the functional relationships, would be of considerable value 
to him. For the chemical engineer the value would not be 
limited to momentum transport but would definitely be extended
1
2Co heat and mass transfer as veil. In fact, a workable theory 
of momentum transport is, in the author's opinion, a prerequi­
site for a rational mechanistic approach to heat and mass 
transfer in turbulent shear flow.
The research of Laufer13 stands out as the most complete, 
if not the only, experimental work that has been done on the 
turbulent variables in pipe flow. At well chosen positions 
along the radius of the pipe he measured mean velocity, inten­
sity, double, triple and quadruple correlation coefficients, 
and many of the terms in the turbulent energy equation. The 
measurements were taken on air at Reynolds numbers (based on 
center line velocities) of 50,000 and 500,000. He also made 
several measurements of the spectrum of turbulence. Through­
out this paper Laufer's work will be referred to frequently 
and the author's data and conclusions compared, where possible, 
to his.
CHAPTER II 
THEORY
1. Definition of Turbulent Flow
There are two types of flow situations that occur, namely 
laminar and turbulent. The first is considered by researchers 
in the field of fluid mechanics to be any motion which is cap­
able of description as periodic motion or which has a somewhat 
regular eddy pattern20. Turbulent flow is thus a flow which 
is random in nature, restricted, in general, only by the con­
servation laws and the containing boundaries. Hinze has set 
forth the definition: "Turbulent fluid motion is an irregular 
condition of flow in which the various quantities show a 
random variation in time and space coordinates, so that sta­
tistically distinct average values can be discerned.,,T
In general, it may be said that the fluctuating velocities 
of turbulent flow are a result of, or a measure of, the size, 
shape, and intensity of motion of small particles of fluid, 
moving somewhat as an entity, called eddies. ' Of course, the 
size of these eddies varies with the particular flow conditions 
but it is possible, at least qualitatively, to ascertain what 
determines the size limits. The upper limit in eddy size is
4usually determined by, and Is of the order of magnitude of, 
the dimensions of the containing apparatus. The lower limit 
is determined primarily by the viscosity; i.e., as the eddy 
becomes smaller the velocity gradient in the eddy becomes 
larger, and thus the viscous shear (the motion within the 
smaller eddies is laminar) becomes larger. This increase in. 
viscous shear counteracts the eddying motion, thus limiting 
the size of the eddy. Some more quantitative figures on 
minimum eddy size will be given later in this paper.
2. Comparison of Turbulent Motion to Molecular Motion
The random motion in turbulent flow is often compared 
with the random motion of molecules in the kinetic theory of 
gases. However, the comparison is not a particularly good one 
and most theories based on this comparison have had very limited 
success. Townsend points out that the analogy between turbu­
lent flow and the kinetic theory of gases is imperfect in two 
important points.
"The motion of a gas molecule is only affecting the 
motion of, at most, one other molecule and mixing on 
the macroscopic scale takes place freely. Secondly, 
the turbulent motion requires a continuous supply of 
energy to maintain it, which is obtained from the work­
ing of the mean flow against the turbulent stresses.
The turbulent motion so depends for its kinetic energy 
on one of the quantities that it diffuses, the momentum 
of the mean flow, and the diffusing processes cannot be 
considered as small pertubations of an already existing 
motion as in the kinetic theory of gases. The necessary 
connection between the diffusion of momentum and the 
supply of energy to the turbulent motion is a fundamental
characteristic of turbulent shear flow."24 
A second question that often arises is whether the diameter 
of the eddies approaches the mean free path of the molecules 
as the mean velocity and mean velocity gradient increases.
If this were the case the motion would be molecular in the 
smallest eddies. However, this is not the case as pointed out 
by Hinze7. For velocities of less than 300 ft/sec the minimum 
eddy diameter is of the order of 1 mm which is much greater
-4
than the 10 mm mean free path of gases under atmospheric 
conditions. Therefore, for the moderate velocities (less than 
100 ft/sec) used in this paper the turbulent motion will 
definitely not extend to the molecular scale.
3. Definition of Turbulence Quantities
In turbulent flow it is customary to represent the instan­
taneous velocity as the sum of an average and fluctuating 
velocity in the direction under consideration. For the x 
direction:
U = U + u (II-l)
where
U = instantaneous velocity in x direction 
U = average velocity in x direction
u = fluctuating component of the velocity in the x direction 
The average velocity is defined mathematically by:
where
t *= time
At = time interval over which average is taken
It is obvious that the average of the fluctuating velocity 
is zero, i.e.,
At
udt = 0 (11-3)
Since in turbulence research it is the fluctuating com­
ponent of the velocity that is of interest it will be necessary 
to define an average value of the fluctuating velocity that is 
non zero. Probably the first non zero average of the fluc­
tuating velocity that would come to mind would be the average 
of the absolute value "fuf ; however, this quantity has seen
very little use. This fact is primarily because the root mean
  A
square of the velocity (u2)_ is much easier to measure with 
conventional turbulence measuring equipment and because u2 
occurs quite naturally in many of the equations governing 
turbulent flow. The root mean square of the fluctuating 
velocity is also known as the intensity of turbulence and may 
be defined mathematically as:
u
7Similar definitions may be made for the intensities in the 
other coordinate directions.
It should be pointed out that the average defined above 
(II-2, II-3, and II-4) are all taken with respect to time; 
however, there are other types of averages that can be dis­
cerned for turbulent flow; namely, space average, space-time 
average, and statistical or ensemble average. From the view­
point of the statistical theory of turbulence it is the
ensemble average that should be used, but it is generally not 
possible to measure the ensemble average experimentally. 
Consider, for example, if we should wish to measure the average 
value of the velocity in a pipe at a given time. This would
require that the averaging process be made in an infinite
number of identical pipes in which the physical conditions 
are the same, with the component of the velocity being measured 
at the same time in all the pipes20. This is of course experi­
mentally impossible.
The impossibility of taking ensemble averages has led to 
the extensive use of the time average and the necessity of a 
proof of the equality of the time average and statistical 
average. Such a proof (which would be an ergodic theorem for 
turbulence similar to the ergodic theorem for statistical 
mechanics and which gives sufficient conditions for the equality 
of the statistical average and the time average) has yet to be 
formulated and is one of the outstanding shortcomings in the
statistical theory of turbulence. In this paper, as is custom­
ary in the research in this field, the time average and statis­
tical average will be assumed equal.
4. Isotropic and Homogeneous Turbulence
Throughout this paper isotropic turbulence and homogeneous 
turbulence will be referred to frequently; therefore, it is 
felt that a definition and brief description of these special 
flow cases is in order. Isotropic turbulence is defined as 
that condition under which the time smoothed value of any 
function of the velocity components and of their space deriva­
tives at a particular point, defined with respect to a given 
set of axes, is unaltered if the axes are rotated or reflected 
in any plane through the origin1. Thus, all the intensities 
are equal.
u 1 = v 1 = w 1
It can also be shown7 that the correlation between the fluc­
tuating components of the velocity are zero, i.e.,
uv = uw = vw = 0
Homogeneous turbulence is defined as turbulence in which 
the time smoothed quantities are independent of position; i.e.,
9It should also be pointed out that it is possible to have tur­
bulence that is homogeneous along only one or two of the 
coordinate axes, as, for example, pipe flow which is homogeneous 
in the x direction and the 0 direction.
5. Navier-Stokes, Continuity, and Reynolds Equations
A momentum balance around a differential fluid element 
with the assumptions that the flow is incompressible, isother­
mal, Newtonian, and that the influence of external fields is 
negligible results in the following equations:
„ 9V , w av , IT av w2 l  ap
9t + v a? + 7 s e  + u a ^ ' T “ - F ^
+ p v S v - P ^ [ v + 2 lf]
£g + v + 2  S  + u |! i  + f f l .at 9r r 80 3r r
+ - ^ [ w - 2 H ]  <n -5b>
at + v  ar r a© + u ax " * p ax + p V  u (n-5c)
where
U = velocity in the axial direction 
V » velocity in the radial direction 
W = velocity in the aximuthal direction 
x,r,0 » axial, radial, and azimuthal coordinates 
M, » viscosity
p a density
t » time
r7  2  _JL_ 4- .±L + 1 ± +  l a2
V  3xa ar7 r ar
These equations, as are most of the equations in this paper, 
are expressed in cylindrical coordinates, which, it will be 
seen in section (6) will lead to many simplifications for the 
axially symmetrical pipe flow. The derivation of the Navier- 
Stokes equations, as the above equations are often called, can 
be found in many of the advanced books on fluid mechanics1'4'12' 
Another equation that is basic in fluid mechanics is the 
continuity equation or the equation for the conservation of 
mass. For an incompressible steady state flow it may be 
written as
au + l 3rv . l aw . /TT ..
3x r 3r r 30 
This equation is also derived in the standard texts on fluid 
mechanics1'4'12'21.
In an effort to formulate a set of equations for turbulent 
flow Osborne Reynolds assumed that the instantaneous fluid 
velocity satisfies the Navier-Stokes equations for a viscous 
flhid and that the instantaneous velocity may be separated 
into a mean and fluctuating velocity as given in equation 
(II-l). Substituting the instantaneous velocity, as the sum 
of a mean and fluctuating velocities, into the Navier-Stokes
11
equations and averaging by a special set of rules known as the 
Reynolds rule of averages, Reynolds obtained a new set: of equa­
tions known as the Reynolds equations1*4*1Z>ai. The Reynolds 
rules of averages have been summarized by Paiao and have the 
following four properties.
f + g = f + g 
cf = cf
fg = fg 
lim fn = lim fn
where
f,g = functions 
c = constant
fn = sequence of a function 
and the bar refers to the average value.
Pai2° also points out that if we define the mean value of 
a function f by the statistical average (see section 3) the 
four Reynolds rules are obviously satisfied and concludes 
that the systematic use of random functions in the theory of 
turbulence is desirable.
The substitution of the Instantaneous velocities, in the 
form (II-l), into the Navier-Stokes equations (II-5) yield 
after applying the Reynolds rule of average to both sides of 
the equations:
12
(U-7a)
(II-7b) 
(II-7c)
It should be noted that the Reynolds equations (II-7) 
differ from the Navier-Stokes equations for steady laminar 
flow only by the addition of the last bracketed term In each 
of the equations. These terms contain the fluctuating veloc­
ities, and are responsible for the high turbulent shear rate 
and correspondingly high energy loss in turbulent flow. The 
terms such as
puw, puv, pv3, pvw, etc.
are turbulent stresses or eddy stresses and are commonly 
called Reynolds stresses after Osborne Reynolds.
A similar substitution of instantaneous velocity, as the
77 av - av w av _ w* 
u 9x + v 9r ? r r
.  I i Z  + Jiv*v - Tv + 
p 3r P v r*p |_ a 0 J
  . —   7 , 1 9    W-uv + -r- rv2 + -  ^  vw - —13r3rLax
- aw , ^ aw , w aw , v w l a?
u ax ar r a e  T ~  = ' pr 90
p v p*
•- « aw-i
w “ 2 aej
a   , a   l a
-—  UW + T- vw + —3x 3r r 30 w +
2 vw
_  au - au w au 1 ap
u 3x + V 3r + r 30
 u. _2_
+ ^ afl =*p ax + p v U
Tau**. 1 3ruv . 1 a — 1
“ [to + r “  r a0 UWJ
13
sum of an average and fluctuating velocity, Into the con­
tinuity equation for Incompressible, steady state flow yields:
+ + (u-8)3x r dr r 30 ' 7
More detailed derivations of the Reynolds equations and
84
turbulent continuity equation may be found In Townsend and 
Rouse21.
6. Reynolds Equations for Pipe Flow
One of the primary reasons for the choice of the pipe as 
a test section was.that the Reynolds equations reduce to a 
simple form for axially symmetrical flow. As pointed out In 
section (4) pipe flow Is homogeneous In the axial and azimuthal 
directions, I.e.,
±  = o (II-9)
JL = 0 for all but the total pressure (11-10)
When (II-9) and (11-10) are applied to the Reynolds equa­
tions with the restriction that the average velocities in the 
radial and azimuthal directions are zero, the following equa­
tions are obtained:
n 1 dP 1 Qrv^ w2 .
° " p 3r " r 8r r (II-lla)
dvw 2vw ....
0 = - ar ** r (II-llb)
14
Because the velocity field is homogeneous in the axial and 
azimuthal directions the partial derivatives of velocities 
with respect to r become total derivatives. Equations (11-11) 
thus become upon some rearrangement:
At the center of the pipe r = 0 and vw is finite which forces 
C to be zero. Therefore, vw must be zero everywhere except 
the pipe center and if vw is a continuous function of r (which 
most of the variables in fluid mechanics are) vw is also zero 
at the pipe center. The Reynolds equations have now been re­
duced to (II-12a) and (II-12c) for pipe flow.
Differentiating equation (Il-12a) with respect to x and 
again noting that because of the homogeneity the velocity 
components are independent of x, one obtains:
I
p d r
1 dr yg + wz 
r dr r (II-12a)
(II-12b)
(II-12c)
Integrating equation (II-12b) between r = ra and r = r
In
vw
vwa
(11-13)
or
further
vw r2 » vwa r| ** C
15
or
ap
§f * t> (r) (11-14)
* * (r) (H-15)
Differentiating equation (II-12c) with respect to x and 
again applying the condition of homogeneity one now obtains
f . 2 1 . 0  or 
ox 9x
^ ^ = constant 4 <t> (x) (11-16)
Integration of equation (II-12c) while noting that
( fx ) *’8 a constant yields
f ? ( l ^ ) " ‘ r ( ' " ' p a 7 )  + A <II‘17)
Using the boundary conditions at the center of the pipe
r =* 0 
uv = finite
#  = 0 dr
- finitedx
one obtains for the constant of integration
A =* 0
By balancing the pressure drop against the shear forces 
on a differential length of pipe one obtains
16
dP 2 T
dx “ " r
or at the vail of the pipe
3P 2t g
Now defining a friction velocity U* as
i
/ T0 N
u* ( T  J  . (11-20)
one obtains from (11-19) and (11-20)
u*z (11-21)
ax rQ
where
U* = friction velocity 
r0 a radius of pipe 
r = shear stress 
Tq shear stress at the wall 
Substituting (11-21) into (11-17) yields
^  + JL u*a (11-22)
p dr rc v '
Rearrangement of equation (Xl-12a) and integration
p / ( I £ )  dr ■ < « - M >
Performing the indicated integration between the limits rQ 
and r and noting a t r » r o> v a = 0  one obtains
!r_^ ! r_°>*_ . . ^  + r r dr (11-24)
P J  rD
Pr#x “ average pressure at r,x 
Pr0,x= average pressure at rQ,x
17
Integration of equation (11-21) yields
„ - Pr- 2 U*2 x
r'x  r,Xo - - -------  (H-25)
*o
P_ „ = average pressure at r,xQr , xo
xD = arbitrary origin for. x 
But, since ^ J  is not a function of r, (11-25) may be 
written
prQ,x “ ^r0,Xo 2 U*2 x
P
Adding (11-26) to (11-24) yields
(11-26)
?r,x " pr0,xo _  -  + f r dr _ 2 j * i x
P r Q r  r °
From equation (11-22) we see that at r = 0, vu = 0 and 
also uv =* uw = 0 (because at the center the azimuthal and 
radial directions are the same). Also at r = 0, v2 must equal 
w 2, otherwise, the integral in equation (11-27) would be 
infinite.
At this point it would be appropriate to summarize the 
Reynolds equations and boundary conditions for pipe flow and 
to make some comments about them.
Reynolds equations (integrated form)
dr . . „** (H-27)
” " p i  +  r 0*! (ii-22)
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Boundary conditions 
at r => 0
V* = W2
uv =» uw * vw = 0
#  = odr
at r = rQ
V2 *» W2 *» u2 =» uv =» vw = uw = 0
f  “ - T  <n -28>
General
r r 
r0 " r 0
. r 3P 
2 dx
F - - - k ”*adx rQ 
Conclusions:
1. Pressure decreases linearly with distance as in 
laminar flow.
2. From the experimental data of LauferX3 w® > v*, 
therefore, from equation (11-24) the pressure at the center of 
the pipe must always be less than or equal to the pressure at 
the wall (for x = constant). It should be pointed out that 
Paixs, in his derivation of these equations, concluded that 
the pressure at the center of the pipe would be greater than, 
or equal to, the pressure at the wall. This conclusion is in 
direct contrast to the author's conclusion.
19
3. There is definitely a tendency toward isotropy at the 
pipe center since all the conditions except u» = v2 are met 
there.
4. The boundary condition and Reynolds equations afford 
an excellent means of checking experimental data, and in 
Laufer's13 work they checked his data very well.
7. Pai's Mean Velocity Distribution18
Most of the semiempirical equations that are used for 
mean velocity distribution in pipes apply to only one region 
of the pipe, e.g., viscous sublayer*, transition region, fully 
developed turbulent core. Therefore, in order to obtain a 
reasonable agreement with experimental data it usually becomes 
necessary to apply different equations in different regions of 
the pipe. This dilemma led Pai18 to consider the possibility 
of finding one equation that would satisfy the Reynolds equa­
tions and the boundary conditions and would give good agreement 
with experimental data. A derivation of the equation Pai for­
mulated follows.
Pai assumed that a solution to equation (11-22) could be 
written in the form
4  - 1 + aqa + bqsn (11-29)
Uni
* In this paper the viscous sublayer refers to the region 
near the wall where the influence of viscosity is very great 
and laminar sublayer refers to the layer that is in true 
laminar flow.
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where
n > 2 
t) * r/rD
Uuj = maximum velocity, i.e., at center.
In order to satisfy the boundary conditions at t) » 1,
U = 0, = - —  and equation (11-22) the constants become
a - J T T T  (H-30)
b - A-i-S
n - 1
where
(H-31)
• - ; f | s y n  a , -32>
It should be noted that s is the ratio of the shearing stress 
on the wall for turbulent flow to the corresponding shearing 
stress on the wall for the laminar flow with the same maximum 
velocity. Equation (11-29) may thus be written
£ " 1 + H - r  i * + t H
According to (11-31) for laminar flow s is equal to 1 and, 
therefore, equation (il-33) becomes (upon insertion of s ■ 1) 
simply the parabolic velocity profile of laminar flow. It 
should be remarked that although equation (11-33) is a solu­
tion to the Reynolds equation (11-22) it is not a unique 
solution. This is because the number of unknowns in the 
Reynolds equation is more than the number of equations18.
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Differentiation of equation (11-33) with respect to q 
and substitution of the result into (11-22) gives an expression 
for the correlation coefficient uv.
(n-34)
The constants n and s are a function of the Reynolds 
number; thus, it would be desirable to have an explicit rela­
tionship for them as a function of the Reynolds number. The 
derivation follows.
Recalling that
Toro
and
“ro dP
—  dx  (II-W)O -
and the Moody83 definition of friction factor
dP p
dx “ 4 r0 (11-35)
combining equations (11-32), (11-19) and (11-35) yields
m  ro
8 - 16 u*
or
s - Re ^  (11-36)
32 Um
where
Re = 2-r-9-UA  p.
M.
UA = average velocity
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In order to evaluate n it will be necessary to integrate 
the velocity distribution over the pipe cross section to de­
termine the average velocity. Performing that integration
UA = 2 / o U tj d T) (11-37)
or
211a
continuing
»c = / 0 [x +  H r  ’i * +  s " H  i2n] ’i d t <u -38>
^  _  1 i i  8  —  n  1  —  8  / t  T
^  - 1 + 2 — 1 + ( n - 1) (n + X) <U -39>
After some algebraic manipulation
8 + n 
U* = 2 <n + l >
(11-40)
Substituting the value for s (11-36) into (11-40) and solving 
for n
T l Re “ 1
n = (11-41)
1
2uA
Thus by using equation (11-41) and (11-36) to calculate 
s and n, for a given Reynolds number, and then using the 
calculated s and n in equation (11-33) it is possible to cal­
culate the velocity distribution. It should again be pointed 
out that velocity distribution thus obtained would be a solu­
tion to the Reynolds equations but not a unique solution, thus
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the value of equation (11-33) will be determined by how well 
it fits the experimental data.
8. "Law of the Wall," Logarithmic Velocity, Distribution, 
and Deissler Equation for Mean Velocity Distribution
Townsend24 has shown from the turbulent energy equation 
that for moderately high Reynolds numbers most of the turbulent 
energy production takes place within a region, next to the 
wall, over which the shear stress is essentially constant.
This finding, couples with his analysis that the layer next 
to the wall is in energy equilibrium, led him to propose that 
the motion in this region is statistically determined if r, d 
and n (which are sufficient to specify the boundary conditions) 
are known. Here, d is defined as the thickness of the layer 
where most of the turbulent energy production takes place.
From his analysis Townsend concluded that
and that, if y is large enough to include substantially all 
the energy production but not so large as to be outside the 
constant stress layer, then
It should be noted that close to the wall where the Reynolds 
stresses are negligible it is generally assumed that f reduces to
(11-42)
where
y » rQ - r
(11-43)
This relationship is equivalent to an assumption that is 
constant and equal to the value at the wall. In equations 
(11-42:) and (11-43) it is the mean velocity that is considered; 
however, Townsend's analysis, and equations (11-42) and 
(11-43), should be equally valid for the fluctuating veloci­
ties. This change would be accomplished by replacing the mean 
velocity in equations (11-42) and (11-43) by the appropriate 
fluctuating velocity and by inserting U* to the appropriate 
power to make the left hand side of the equations dimensionless.
Townsend24 further pointed out that in the turbulent 
core, where the Reynolds stresses are much larger than viscos­
ity effects, the flow is largely independent of viscosity and 
that the principle of Reynolds numbers simularity may be 
applied to the turbulent core. He thus proposed
U - Ut + U° f(r/rQ) (11-45)
where
U° ■ characteristic velocity
Ut 31 an arbitrary velocity 
Letting U° = U* and Ut * Un equation (11-45) becomes
U - Um + U* f(r/rQ) (11-46)
In order for both equations (11-43) and (11-44) to hold in 
the region where the constant stress layer and turbulent core
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overlaps Townsend showed that equation (11-43) must be of the 
form
u5 “ k 1o8 ( 11 ? £ ) + A <U -47>
where K and A are universal constants (Townsend lists A = .41 
and K = 5.85). This is the familiar logarithmic velocity 
profile which has been derived in many different ways; e.g., 
using Prandtl's mixing length hypothesis and Taylor's vorticity 
transfer hypothesis.
Deissler5 has also done considerable work on mean velocity 
profiles, and he found a semi-empirical equation that gives a 
good fit in the vicinity of the wall. His equation for veloc­
ity requires the evaluation of an iterated integral. The 
equation appears below:
U+ = fQ 1 + m 2 U+ y (1 - e-m*u+yt-) (H-48)
where
U+ = U/U*
y+ = u*py
m = constant determined from experimental data = 0.124 
Deissler claims a good fit for y+ < 26. For the turbulent 
core he also recommends the logarithmic velocity distribution
(11-47) and he lists the values of A and B to be .36 and 3.8
respectively.
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9. Correlation Coefficients and Dissipation Length
The turbulence at a fixed point in a flow field is, in 
general, not independent of the motion of the flow elsewhere; 
it is especially affected by the motion at nearby points. It 
would thus be desirable to have some measure of how the flow 
at one point is influenced by, or correlated with, the flow 
at other points in the fluid. To this end, G. I. Taylor pro­
posed the spatial correlation coefficients Rjj of which there 
are nine, namely,
(Rij)AB “ uj^ uJb (11-49)
where
(Rij)AB = correlation coefficient between the fluctuating
velocities i and j at points A and B, respectively
u ^  = fluctuating velocity in direction i at point A
Ujg = fluctuating velocity in direction j at point B
uj^ = intensity of turbulence in direction i at
point A
uiB “ turbulence in direction j at
point B
Some remarks concerning the spatial correlation coeffi­
cient are in order:
(1) (Ri j)a b — 1 This can be shown by a simple applica­
tion of the Schwarz inequality21.
(2) As A approaches B or the separation between the
points of measurement decreases, the coefficient
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approaches the point correlation coefficients 
(ujuj)^ which occur in the Reynolds equations.
(3) When measuring the spatial correlation coefficient
between at A and ui at B, Rij will approach 
unity as A approaches B.
(4) As the distance between A and B increases (Ri j)a b
should approach zero more or less smoothly.
In this paper only one of the nine spatial correlation 
coefficients will be investigated; namely, the correlation 
coefficient between the fluctuating velocities in the axial 
direction with A and B taken in the axial direction. This 
coefficient is commonly called f(^ )..
be correlated
For pipe flow the field is homogeneous in the x direction 
and u'(x) is equal to u'(x + ^). Thus equation (11-50) be-
f(V0 can be expanded in a Taylor's series as follows
(11-50)
where
= distance along the x axis between the velocities to
come 8
f(*) =, H H E H H Z E H
u 2 (11-51)
fty) - l + it
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It can be shown7 by applying the principle of homogeneity
that
f9n + n fl ! f*dnu 3% 1[w  - 0 (11-53)
and
f d anf i  l  r 9 u"i . , n i  ranu-i2 ,
= ^  lu = (_1) ^  N J  (II'5A)
Combination of (11-53), (11-54) and (11-52) yields
2 -  -  -.2
f W  . 1 - £  [ | H ] ^  + £  [ 0 ] ^  (U-55)
By truncating the series at the second term and defining
12
Jy=o 
where
X » longitudinal dissipation length
& ■ &  K L <n‘55)
one obtains
f(lO - 1 - r£g (XX-56)
The Parameter X is the radius of curvature of the f vs ^ 
curve at V' = 0.. Physically, X is usually regarded as a measure 
of (though not equal to) the diameters of the smallest eddies, 
which are primarily responsible for the dissipation of energy 
by molecular viscosity21. The proof of equation (11-56) has 
been rather sketchy, because, in complete detail, it is very 
long. However, the complete proof of equation (11-56), along 
with an excellent discussion of correlation coefficients in 
general, can be found in Hinze7.
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10. Hot Wire Anemometry
In turbulence research one technique has emerged above 
all others as giving reliable and relatively easily attain­
able measurements of the fluctuating velocities; this technique 
is hot wire anemometry. The reason the plurality of the meas­
urements have been taken with a hot wire anemometer is obvious 
when an analysis is made of the requirements that must be met 
by an instrument for measuring the turbulence quantities.
Hinze7 has listed the requirements of a turbulence 
measuring instrument and his analysis is summarized below:
(1) The detecting element must be small thus making as
little as possible disturbance in the flow field.
(2) The size of the sensing element should be smaller
than the smallest eddies.
(3) The response of the sensing element must be rapid
so as to be able to measure turbulence frequencies 
up to 5000 cycles per second.
(4) The sensing element must be sensitive to the small
fluctuations in turbulent flow, i.e., a few per 
cent of the mean velocity.
(5) The instrument must be stable.
(6) The measuring instrument must be rigid enough not to
be affected by wind tunnel vibrations, etc., as 
they would be recorded as turbulence by the re­
cording apparatus.
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Of course, the hot wire anemometer does not satisfy all 
of these requirements in every detail, but it has far out­
stripped other detectors.
Basically, the hot wire anemometer consists of a short 
length (M).03 inches) of a small diameter wire (^0.0001 inches) 
placed in the air stream and heated to about 200°C by electric 
current. The rate of heat transfer from the wire is a function 
of the velocity over the wire; thus, as the velocity changes 
the rate of heat loss changes and if the wire is kept at a 
constant temperature (heat content of the wire constant) the 
power input to the wire must change. This change in input to 
the wire is by virtue of a change in current through the wire; 
the current is monitered and thus translated by the recording 
instrument into a reading that can be further translated, 
with suitable calibration, into the desired turbulence quantity.
Since the sensing element of the hot wire anemometer is 
simply a long thin cylinder, it would be expected that the 
heat transfer laws for the two would be the same. This is the 
case. Assuming that the fluid is an incompressible gas and 
that the effects of natural convection and radiation are 
negligible, the heat transfer coefficient for the wire is 
given byT
Nu = M  = 0.42 Pr°*2 + 0.57 Pr0,33 Re°,so (11-57) 
k
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where
Cnji
Pr » -p - * Prandtl number 
k
(Re)w = = Reynolds number of the wire
(Nu)w o ilfi = Nusselt number of the wire 
k
Cp » heat capacity of the gas
d a diameter of the wire
k » thermal conductivity of the gas
h => heat transfer coefficient for the wire
p = density of the gas
Ue =» vector velocity perpendicular to wire 
In the preceding equation all of the gas physical properties 
are evaluated at the "film temperature," i.e., the average 
of the temperature of the wire and the bulk gas. The equa­
tion is valid when7 :
(1) 0.01 < (Re)w < 10,000
After some calculation it can be shown that this 
gives a velocity range 
.1 < U < 10* ft/sec
which is sufficiently wide for the velocities that 
will be considered.
(2) Natural convection may be neglected for the range
Re > 0.5 if
fr>T\ pr 8CPP* Pd3 AT(Gr)w Pr - _ p -----  < 1 0
n k
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where
g a acceleration due to gravity 
3 » coefficient of expansion of gas 
T = temperature
AT = difference in temperature between the wire 
and gas
(Gr)w = £fi--4^.g£.,4£ = Grashof Number of wire 
For air and a wire 0.002 inches in diameter 
(Gr)wPr'v'10“6 which is acceptable.
(3) Thermal radiation is considered negligible if' the
temperature of the wire is less than 300°C. For 
our experiments the wire is approximately 200°C 
which is acceptable.
The heat loss per unit time from the wire is
h tt dS(Tw - Tg) (11-58)
where
Tw = wire temperature
Tg = gas temperature
S ■ length of wire
Upon using the value of h calculated from equation (11-57) 
equation (11-58) becomes
irkS(Tw - Tg) 0.42 (Pr)0 *20 + 0.57 (Pr)0*33 (Re)S,s0 (11-59) 
Since for constant temperature operation the heat loss due to
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forced convection is equal to the heat input by electrical 
means (i2R) or
The temperature dependence of the resistance of the wire may 
be represented by
where
Rw « resistance of the wire
R0 = resistance at an arbitrary reference temperature, 
say 0°C
7 = temperature coefficient of electrical resistivity 
of the wire
By representing Rg by a similar relationship (Tw - Tg) may be 
expressed as
iaR - 7rkS(Tw - Tg) [o.42(Pr)°’a + 0.57(Pr)°*33(Re)£*5°] (11-60)
(11-61)
(11-62)
where
Rg = resistance the wire would have at T,
Thus, equation (11-61) may be written as
’ > §  [o^ 2^ ) 0,1 + 0.57(Pr)°-” (Re)°-5°] (XI-63) 
or
(11-64)
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where
K « TrkS Q.42(Pr)°*a 
1 7 Ro
Kj „ TrkS 0.57(Pr)°*33 pd°‘S 
7 Ro W.
Equation (11-64) is called King's equation and shows the func­
tional relationship between the electrical signal and the 
velocity; namely, the square of the current through the wire 
is proportional to the square root of the velocity. The 
constants Ki and K2 are generally determined experimentally.
The general equation (11-63) has been derived as it is useful 
for estimating the effects of gas and wire properties on the 
constants.
11. Directional Sensitivity of the Hot Wire
In the equations for heat loss from a heated wire it is 
seen that the loss is proportional to Ue; i.e., the effective 
vector velocity or the vector velocity perpendicular to the 
wire. Thus, a wire is sensitive to various components of 
the velocity according to the orientation of wire with respect 
to the velocity vector. This result makes it possible, by 
changing the orientation of the wire and using two or more 
wires, to measure various fluctuating components of the 
velocity and the correlations between them.
Referring to Figure (la) it is seen that adding w to U + u 
has no effect on the magnitude of the velocity vector
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x
Wire 
FIGURE (la)
RESOLUTION OF THE VELOCITY VECTOR INTO ITS COMPONENTS
Wire 2Wire 1
w Cos 0
w Co8 0*v (TT + u) Sin 0i
FIGURE (lb)
CROSS WIRE MEASUREMENTS
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perpendicular to the wire; thus, it may be said that the wire 
is insensitive to w. By adding v to U + u only very little 
change is made in the effective velocity vector. The above 
qualitative conclusions may be shown mathematically by con­
sidering the components that make up Ue. Since w is parallel 
to the wire it offers no contribution to lfe; thus, since U + u 
and v are perpendicular to the wire, we may write
(lTe)8 = (U + u)a + v8 (11-65)
or
(tTe)2 = U8 + 2uU + u8 + v 8
but since
U2 »  2uU »  v'8 
it is possible to neglect v8 and equation (H-65) becomes
"u e = U + u (11-66)
Thus, it is certainly permissible to neglect v8 and w 8 with 
respect to U + u and we may say, that a wire perpendicular to 
the mean flow is insensitive to the fluctuations in the radial 
and azimuthal directions.
Now consider the case when the wire is not perpendicular 
to the mean flow, as shown in Figure (lb). From the figure 
it would be sensitive to all three velocity vectors and this 
is the case. However, it is considerably more sensitive to 
the two components U + u and w, that are in the plane of the 
wire, than it is to v, which is not in the plane of the wire;
FIGURE (2)
SCHEMATIC OF SERVO CONTROL AMPLIFIER
Control
Amplifier
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e.g., see equation (11-65) and (11-66) where (U + u) are in 
the plane o£ the wire and v is not. Thus, neglecting v and 
considering the velocity vectors as shown in Figure (lb) the 
following semi-quantitative analysis may be made of the heat 
transfer rate of the wires:
(1) The component of the vector (U + u) perpendicular
to wire 1 is (U + u) Sin 0i, and that of w is
w Cos 0X.
(2) The component of the vector (U + u) perpendicular
to wire 2 is (U + u) Sin 02, and that of w is
-w Cos 02.
(3) If the electrical signals from the two wires are
added w cos 0X and -w cos 02 will cancel when 
0i = 02 =» tt/4. The signal is thus proportional 
to (U + u).
(4) When the electrical signals are subtracted, the
(U + u) Sin 0x would be opposite in sign to 
(U + u) Sin 02. The resultant signal would be 
proportional to w.
We can conclude that by arrangement of the wires, as 
shown in Figure (lb), and by proper manipulation of the 
electrical signals it is possible to obtain a measure of the 
aximuthal fluctuating velocity, w. By rotating the axis 90° 
about the x axis a similar measurement may be made of v.
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A more extensive analysis o£ the directional sensitivity 
of the hot wire is given in the appendix.
CHAPTER III 
APPARATUS
1. Design and Details of the Test Equipment
The aim of this research was to measure fully developed 
turbulent shear flow in a 5 inch pipe, at velocities from 
the transition velocity up to 100 ft/sec. It was with this 
criterion in mind that the test equipment was designed. 
Photographs and drawings of the equipment are shown in 
Figures (3), (4), and (5).
Two blowers were used to supply air to the test section, 
a 1 hp centrifugal blower, for high velocities and a 1/20 hp 
centrifugal blower for low velocities. The blowers are 
attached through rubber sleeves (vibration eliminators) to a 
calming box, Figure (4). The calming box consists of a 
circular section 3 feet in diameter and 4 feet long attached 
to a conical section which tapers at a 25 degree angle to 
the 5 inch diameter of the pipe,. In the calming box, to 
prevent circulation and straighten the flow, is a honeycomb 
fabricated from 10 inch lengths of vent pipe stacked parallel 
to the axis of the box and soldered in place. Following the 
honeycomb are two screens for breaking up any large, slowly
5" Schedule AO
aluminum pipe
33. y
Rubber vibration 
eliminator
Sandpaper
HoneycombScreen
Test Section
Honeycomb Screens
Calming Box
FIGURE (3) 
TEST EQUIPMENT
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FIGURE (4a)
BLOWERS AMD FLOW CONTROLLING VANE
|Vt ffjl
FIGURE (4b)
BLOWERS, CALMING AND TEST SECTION
FIGURE (5a)
MODEL IIHR TYPE 3A 
TWIN CHANNEL 
HOT WIRE ANEMOMETER
FIGURE (5b)
PITOT TUBE AND ADJUSTABLE 
DRAFT GAGE
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decaying eddies which might be formed by the blowers. The 
screens were made of ordinary household screen wire.
The calming box is attached through a second rubber sleeve 
(vibration eliminator) to the 40 foot test section of 5 inch 
schedule 40 aluminum pipe. A third screen and a honeycomb, 
fabricated out of 8 inch lengths of 7/8 inch condenser tubing, 
were placed at the entrance to the test section. Following the 
honeycomb an 8 inch length of very coarse sandpaper was glued 
to the wall. This served to induce boundary layer formation.
The 40 foot test section of pipe consisted of two 20 foot 
lengths connected by a precision machined coupling. The pipes 
and other equipment were mounted, through rubber vibration 
eliminators, on heavy steel cradles.
The criterion by which the test section must be judged 
is whether or not the turbulence is fully developed at the 
measuring point. Hinze7 recommends that a minimum of 40 pipe 
diameters be used to assure that turbulence is fully developed. 
In this research the measuring point is 96 diameters from the 
entrance and the sandpaper, etc. should further guarantee 
that the turbulence will be fully developed at the measuring 
point. In order to verify that the turbulence was fully devel­
oped at the measuring point. In order to verify that the 
turbulence was fully developed at the point of measurement 
velocity and intensity traverses were made at center line 
velocities of 20 and 100 ft/sec under four different conditions:
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(1) Measuring point normal with screen and honeycomb, at
the pipe entrance, in place.
(2) Measuring point rotated 90° counterclockwise with
screen and honeycomb in place.
(3) Measuring point normal with screen and honeycomb
removed.
(4) Measuring point rotated 90° counterclockwise with
screen and honeycomb removed.
When the four runs for each velocity were compared they 
agreed within experimental error. Therefore the conclusion 
is made that the turbulence, at the measuring point, is in­
dependent of the history of the fluid and must be fully 
developed,
2. Hot Wire Anemometer
The Hot Wire Anemometer used in this research was the 
model I I H R Type 3A Linear Constant-Teraperature Hot Wire 
Anemometer System obtained from the Hubbard Instrument Company, 
4 West Park Road, Iowa City, Iowa. A photograph of the 
instrument is shown in Figure (5a).
The chassis housing the electronic components of the 
anemometer consists of four separate sections. They are from 
bottom to top:
(1) Dual Power Supply--This is used to supply +250 volt
D.C. and -140 volt D.C. to the R.M.S. Analyzer
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and amplifiers. The power supplies employ spe­
cially designed regulators so that the total hum 
and noise in the 250 volt source is kept very low 
(50 microvolts).
(2) Fan--The fan is used to blow warm air around the elec­
tronic components and thus shorten warm up time 
and eliminate drift due to change in operating 
temperature of the components.
(3) Two Channel Control Amplifiers and Linearizing Stage—
Two completely separate servo-type control ampli­
fiers are housed in this section; each contains a 
linearizing circuit for translating the fourth- 
root relationship between current and velocity 
into a proportionality. This is done by varying 
the operating temperature of the wire (varying R 
in Figure (5a), a variable resistor located on the 
panel of the instrument) so that the bridge charac­
teristic is the inverse of the relationship between 
signal current and control voltage. The servo- 
type amplifiers are used to maintain the wires at 
essentially constant temperature and in so doing 
generate a current. The average value of this 
current (1) is measured on the D.C. panel meter 
located on the front of each amplifier.
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(4) R.M.S. Analyzer— The fluctuating signals from either 
of the two channels can be combined in the R.M.S. 
Analyzer in the following ways:
(a) Either signal can be metered separately.
(b) The signals can be added and then metered.
(c) The signal from channel 2 can be subtracted
from the channel 1 signal and then metered.
The metering instrument is an RMS reading thermo­
couple type milliammeter mounted on the panel of 
the RMS Analyzer. There is also a facility for 
differentiating any of the signals (a), (b), or 
(c) and then metering it. A scopejack is provided 
on the front panel so that it is possible to view 
on an auxiliary oscilloscope, the fluctuating 
signal that is metered by the RMS Analyzer.
The operation of the Type 3A anemometer can be described 
as follows. Refer to the servo control loop in Figure (2).
As the velocity past the wire changes (increases, for example) 
the rate of heat transfer from the wire will increase, thus 
tending to cool the wire and lower the resistance. This error 
signal (generated by the unbalance in the Wheatstone bridge) 
causes the control amplifier to act accordingly; in this case 
increases the current and thus heat the wire back up to the 
desired resistance and put the bridge back in balance, thus 
maintaining the wire at constant temperature. For the pur­
poses of this research the response of the control amplifier 
can be considered instantaneous.
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As the velocity over the wire changes it causes the current 
through the wire to change and the voltage drop across the 
bridge changes. This voltage drop^across the bridge, which 
bears the usual fourth root relationship to the velocity, is 
applied to the linearizing circuit which contains a tube in 
which the relationship between signal current and control 
voltage is the inverse of the bridge characteristic for a 
wire of the recommended size when operated at the correct 
temperature9. It is this current that is metered on the D.C. 
Panel Meter (which with calibration gives the mean velocity) 
and is fed through a blocking capacitor to the RMS Analyzer, 
which in turn will give readings which bear a known relation­
ship to the fluctuating velocities.
Photographs of the probes and traversing mechanism used 
in this research are given in Figures (6), (7), and (8). In 
Figure (6) is the single wire with its traversing mechanism. 
Notice that the back of the probe tube is hinged onto the 
piece of tubing that carries the hot wire leads to the instru­
ment and bears on the probe tube a bit further up toward the 
tip. This allows one, by screwing the micrometer in and out, 
to traverse the entire pipe radius. With suitable calibra­
tion of micrometer reading versus pipe radius, it is possible 
to determine the pipe position to about I1 0.0005 inches. The 
probe wires used in this research were 0.00014 inches in
FIGURE (6)
PROBE.WITH MOUNT AND TRAVERSING MECHANISM
FIGURE (7a)
PROBE MOUNTED IN PIPE (INSIDE VIEW)
F T 'W,  , ,  ■ ,■ . *■ »st» \  r «  «► v i V
FIGURE (7h)
.PROBE MOUNTED IN PIPE (OUTSIDE VIEW)
51
FIGURE (8a)
PROBE TIP (CROSS \7IRE)
FIGURE (8b)
PROBE TIP (SINGLE WIRE)
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diameter tungsten which were obtained from the Sigmund Cohn 
Corporation, Mount Vernon, New York. Inasmuch as tungsten 
cannot be soldered it was necessary to plate the wire with 
copper before it could be soldered across the probe tips.
After the wires were soldered across the tips of the probe 
the copper was etched to the desired length with nitric acid, 
thus leaving the tungsten wire exposed to the air stream.
3. Auxiliary Equipment
In the semi-quantitative photographic studies of the axial 
fluctuating velocity a Hewlett-Packard Model 130B Oscilloscope 
was used to monitor the signals and to produce the trace for 
the photographs. The specfications of the scope were as 
follows:
(1) Band Width of Output Amplifiers - D.C. to 300 K.C.
(2) Internal Calibration - t  2%
(3) Input Impedence - 2 megohm
The camera used in the photographic studies was a Dumont 
Type 297 Oscillograph Record Camera. The film used was 
Polaroid Type 47, 3000 speed.
For the primary standard in the velocity calibration a 
Type M-168 pitot tube, obtained from the Meriam Instrument 
Company, was used. A custom fabricated draft gage, which 
could be inclined to 0.1 inch per foot was used as the pres­
sure differential indicator for the pitot tube. Varsol 
(p » 0.7680 gm/ml @ 80°F) was used as the manometer fluid.
CHAPTER IV 
EXPERIMENTAL STUDIES
I. General on the Measurement of Turbulence
In turbulent pipe flow, or any boundary flow, it is in 
the region next to the wall where the turbulence quantities 
change the most. This phenomenon is a result of changing from 
a region of small velocity gradient, which resembles free 
turbulent flow with negligible viscous effects, to a region 
of extreme velocity gradient, where viscosity effects are 
starting to play an important role and then, finally to the 
region immediately adjacent to the wall where the viscous 
effects control the flow. Thus, it would seem logical to 
concentrate the larger number of experimental measurements 
in the wall region so as to be able to define the derivative 
of the relationships in this region. This was the case in 
this research.
In order to better define the distances from the wall at 
which the turbulence quantities varies the most, a trial set 
of data was taken. With these data as a guide experimental 
points along the pipe radius were taken so as to best define 
the relationships among the variables. To this end 27
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experimental points were chosen along the radius of the pipe, 
with 16 being taken in the 0.5 inch next to the wall (the 
radius of the pipe was 2.524 inches).
From an experimental standpoint it is indeed unfortunate 
that the region next to the wall is of so much interest. There 
are very many difficulties that are encountered in making hot 
wire measurements next to the wall. Some of these are: . .
1. It is difficult to ascertain when the wire is 
at r = rQ. It is not possible to allow the wire 
to touch the wall as this would result in a 
broken wire. In this research the position of 
the wall was determined by extrapolating the 
velocity distribution data to U * 0,
2. Very close to the wall the heat transfer from 
the wire to the wall causes the mean velocity 
measurements to be high, and could cause the 
calibration constant, used in calculating turbu­
lence quantities, to be in error.
3. Near the wall the intensity of turbulence reaches 
a maximum thus causing both the intensity and 
mean velocity meters to fluctuate a great deal; 
there are resultant errors in these readings. 
These fluctuations are particularly noticeable 
in the low velocity runs; for example, in the 
run at Re - 4,800 one I reading (proportional to 
mean velocity) was 0.77 and fluctuated between 
0.62 and 0.90.
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4. The wires for the cross wire probe must of neces­
sity be separated by sufficient distance to prevent 
electrical contact, and from the fabrication 
standpoint it was not possible to separate the 
wires by less than about 0.030 inches; in the 
region next to the wall the mean velocity and 
some of the turbulence quantities may vary 30 
per cent in 0.030 inches; thus, readings taken 
with a cross wire instrument, in the vicinity
of the wall,would have little or no meaning.
From the foregoing statements it should be obvious that 
hot wire data in the vicinity of the wall should be used with 
discretion.
2. Mean Velocity Measurements
Mean velocity profiles were measured at center line 
velocities of 100, 90, 80, 70, 60, 50, 40, 30, 20, 10, 5.03, 
and 2.53 ft/sec. At each velocity a total of 27 measurements 
starting at a distance of 0.0025 inches from the wall and dis­
tributed approximately logarithmetically (with respect to 
distance from the wall) were taken. The results are given in 
Figures (9) through (14) and in Tables I through XII.
As pointed out above the measurements close to the wall 
were a bit high due to the heat transfer from the wire to the 
wall. This effect, of course, becomes more severe as the 
velocity decreases, because the heat transfer from the wire
to the gas by forced convection decreases, and the heat transfer
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FIGURE (9)
m e a n v e l o c i t y p r o f i l e in the t u r b u l e n t cor e
(HIGH VELOCITY)
oRe » 201,000 oRe « 123,000
•Re « 186,000 ®Re » 99,500
cRe » 163,000 aRe » 81,800
aRe » 146,500 •Re » 61,000
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FIGURE (10)
MEAN VELOCITY PROFILE IN THE TURBULENT CORE 
(MODERATE VELOCITY)
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FIGURE (11)
MEAN VELOCITY PROFILE IN THE TURBULENT CORE
(LOW VELOCITY)
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FIGURE (12)
MEAN VELOCITY PROFILE IN THE WALL REGION 
(HIGH VELOCITY)
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FIGURE (13)
MEAN VELOCITY PROFILE IN THE WALL REGION 
(MODERATE VELOCITY)
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FIGURE (14)
MEAN VELOCITY PROFILE IN THE WALL REGION 
(Low Velocity)
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to the wall assumes a larger percentage of the total heat loss 
from the core. It is therefore necessary to have some cri­
terion for discarding the measurements, near the wall, when 
they appear to be too high. The procedure adopted was that 
when the measured mean velocity was higher than that given by 
U+ = Y+ (i.e., = constant =» “jp* was u8uaH y  disregarded.
The general curvature of the mean velocity data is as 
would be expected; i.e., the velocity gradients are everywhere 
small except near the wall, and, as Reynolds number is in­
creases, the velocity distributions become flatter. This 
result can, of course, be explained by the fact that as the 
Reynolds number increases the ratio of eddy viscosity to 
absolute viscosity increases and thus absolute viscosity plays 
a smaller part in controlling the flow mechanism.
3. Intensity of Turbulence Measurements
The intensity of turbulence was measured at the same 
points and velocities as given above for mean velocity. The 
results of these measurements are given in Figures (15) through 
(21) and in Tables I through XII.
In Figure (15) it is seen that the intensity of turbulence 
increases fairly linearly from the center of the pipe to the 
wall over about 90 per cent of the pipe radius. Then as the 
wall is approached more closely the intensity starts to in­
crease rapidly reaching a maximum close to the wall and then
decreases to zero at or near the wall.
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FIGURE (15)
INTENSITY OF TURBULENCE IN THE TURBULENT CORE
(HIGH VELOCITY)
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FIGURE (16)
INTENSITY OF TURBULENCE IN THE TURBULENT CORE
(LOW VELOCITY)
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FIGURE (17)
INTENSITY OF TURBULENCE IN THE OUTER EDGE OF THE TRANSITION REGION
(HIGH VELOCITY)
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FIGURE (18)
INTENSITY OF TURBULENCE IN THE OUTER EDGE OF THE TRANSITION REGION
(LOW VELOCITY)
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FIGURE (19)
INTENSITY OF TURBULENCE IN THE WALL REGION 
(HIGH VELOCITY)
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FIGURE (20)
INTENSITY OF TURBULENCE IN THE WALL REGION 
(MODERATE VELOCITY)
/* •
2.5
2.0
39,800
20,000
9,780
4,800
* Re » 
oRe ■ 
a Re ■ 
°Re *1.5
1.0
0.5
02 .04.010 03 05
Distance from Wall, y, Inches
In
te
ns
it
y 
o£
 
Tu
rb
ul
en
ce
, 
u'
, 
ft
/s
ec
« 69
FIGURE (21)
INTENSITY OF TURBULENCE IN THE WALL REGION 
(LOW VELOCITY)
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In the high velocity runs the intensity o£ turbulence was 
still fairly large as near to the wall as measurements could 
be made (y ■ 0.0025 inches). However, as the Reynolds number 
decreases, the intensity decreases, and at the lowest Reynolds 
number turbulence was not detectable at a distance of 0.0025 
inches from the wall. Therefore, if this result is to be 
accepted, it must be concluded that a laminar sublayer exists 
in this turbulent flow.
The observation that the intensity of turbulence is zero 
at some finite distance from the wall merits some discussion, 
especially as to the validity of this result. Referring to 
Figure (21) notice that for the Reynolds number = 4,800 there 
are two curves in the region next to the wall. The dotted 
line (which gives u 1 = 0 at y ® 0.0025) has been corrected for 
random noise probably caused by the wire being at an elevated 
temperature. This random noise causes a fluctuating signal 
which gives an indication on the I-j meter (u' indicating 
meter).
The procedure used to correct for this random noise was 
to measure it with zero velocity past the wire (which gave the 
same indication, namely I? = 1.00, as the Re = 4,800 run with 
the probe 0.0025 inches from the wall) and to subtract this by 
a random noise correction procedure (see Appendix ) .
It should also be pointed out that the vanishing of u 1 at 
this point could be attributed to (although this is not
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believed to be the case) a dampening effect caused by the 
large amount of heat transfer to the wall.
4. Oscillogram Studies of the Fluctuating Velocity
In Figures (22), (23), and (24) are presented oscillograms 
of the fluctuating velocity for Reynolds numbers of 6,630, 
39,800, and 186,000 respectively. Note that as the Reynolds 
number is increased the peaks become sharper and, of course, 
higher. The sensitivity in Figure (22c) is 1/875 of that in 
Figure (24e).
An interesting phenomenon occurs in the high velocity 
oscillograms near the wall Figure (22e) and to a lesser extent 
in Figure (23e); namely, the appearance of spikes. These 
spikes are the result of very sharp increases in velocity and 
are similar to those observed by von Rosenberg25 in parallel 
flat jets.
von Rosenberg speculated that the spikes in the parallel 
flat jets were a consequence of the production of a series of 
vortexes as in the Karman vortex street and the resulting 
breaking away of the vortex from the region where it was 
formed. A similar analysis might apply to these results; 
i.e., it could be that vortexes are formed by the wall and 
the extreme velocity gradient in the region of the wall.
When these vortexes break away from the wall and are picked 
up by the adjacent layer of fluid, which is at a much higher
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FIGURE (22)
OSCILLOGRAMS OF THE AXIAL FLUCTUATING VELOCITY
Re * 186,000
, /
(22a) y « 2.5000, Relative Amplification « 1/219
(22b) y *  1.0000, Relative Amplification = 1/438
(22c) y » 0.0400, Relative Amplification « 1/875
(22d) y » 0.0200, Relative Amplification = 1/875
(22e) y « 0.0075, Relative Amplification *» 1/438
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FIGURE (23) *
OSCILLOGRAM OF THE AXIAL FLUCTUATING VELOCITY
Re = 61,000
(23a) y = 2.5000, Relative Amplification = 1/80
(23b) y = 1.0000, Relative Amplification = 1/160
(23c) y = 0.2500, Relative Amplification = 1/160
(23d) y = 0.0250, Relative Amplification =■ 1/320
(23e) y = 0.0075, Relative Amplification = 1/80
FIGURE (24)
OSCILLOGRAMS OF THE AXIAL FLUCTUATING VELOCITY
Re = 6,630
(24a) y = 2.5000, Relative Amplification = 1/10
(24b) y = 1,0000, Relative Amplification = 1/40
(24c) ‘ y = 0.4000, Relative Amplification = 1/20
(24d) y = 0.2000, Relative Amplification = 1/5
(24e) y = 0.0075, Relative Amplification = 1
(24f) y = 0.0075, Relative Amplification - 1
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velocity, there would be a sharp increase in velocity.
A second speculation as to the cause o£ the spikes is 
that high velocity eddies penetrate the layer next to the wall 
resulting in a sharp increase in velocity. Of course, it 
cannot be discounted that the spikes are not the result of 
some erratic behavior of the wire in the close proximity of 
the wall. However, the spikes are not believed to be due to 
erratic behavior of the wire and support is given this con­
clusion by the fact that von Rosenberg's measurements were 
not made near a wall,
5. Dissipation Length Measurements
Dissipation length measurements were made at center line 
velocities of 98.3, 90, 80, 70, 60, 50, and 40. At each 
velocity dissipation length measurements were made at the same 
pipe positions as mean velocity and intensity of turbulence. 
Dissipation length results are tabulated in Tables 1 through 
VII in the Appendix and are shown in Figures (25) and (26).
The dissipation length appears, for the range of Reynolds 
number investigated, to be relatively constant for a given 
distance from the wall. The dissipation length decreases 
gradually as the wall is approached. This is probably a result 
of the increase in turbulent action and in the velocity 
gradient.
In the turbulent core the dissipation length seems to be
FIGURE (25)
DISSIPATION LENGTH IN THE TURBULENT CORE
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somewhat lower for the 50 ft/sec and 40 ft/sec runs. This 
finding is because the high noise level in the differentiating 
circuits gives a current reading (I*rD) bhat: erroneous and
high and causes the calculated dissipation length to be low 
(the dissipation length is inversely proportional to IxD* see 
Appendix).
There is a slight increase in the dissipation length in 
the wall region as Reynolds number is decreased. This is 
probably a result of a smaller percentage of the turbulent 
energy being produced there. However, it is not the slight 
changes in dissipation length that merit comment, but the 
fact that it is relatively constant for all the Reynolds 
numbers, that evades explanation. The only answer that comes 
forth is that the range of Reynolds numbers investigated was 
too small (81,800 to 201,000 or 2.5 fold variation) to show 
more than slight trends.
The reasons for not investigating a wider range of 
Reynolds numbers were:
(1) The upper limit was determined by blower capacity
and thus, could not be exceeded.
(2) At Reynolds numbers below 81,800 the random
noise, in the circuit used to determine the 
dissipation length (See Appendix ), was of 
the same order of magnitude, and in some 
cases greater than, the signal from the wire.
6. Cross Wire Measurements
Cross wire measurements were taken at center line velocities
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of 90, 80, 70, 60, and 50 ft/sec with the experimental points 
spaced 0.25 inches apart along the radius of the pipe. The 
results of the cross wire measurements are listed in Tables 
XIII and XIV. The w1 measurements are presented in Figure (27) 
and the uw measurements in Figure (28).
These measurements are, in general, not very accurate as 
the procedure used to calibrate the wire was not the same as 
recommended in the manual by Hubbard9. Also, the uw measure- 
ments require taking the difference of two squares (Ir^  - I-p2) 
which, in this research, differed very little. This, too, 
caused discrepancies in the results. The method used to cali­
brate the crossed wires, along with some comments about the 
error8 involved, is given in the Appendix.
In Figure (28) the WU measurements are not zero at the 
center of the pipe, as is required by the Reynolds equations. 
Both the uw and w' measurements are a minimum at the pipe center 
and both increase as the wall is approached. The w 1 measure­
ments increase linearly as the wall is approached.
Az
im
ut
ha
l 
In
te
ns
it
y,
 
w'
, 
ft
/s
ec
80
FIGURE (27)
AZIMUTHAL INTENSITY OF TURBULENCE 
(TURBULENT CORE)
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FIGURE (28)
CORRELATION BETWEEN AXIAL AND AZIMUTHAL 
FLUCTUATING VELOCITIES 
(TURBULENT CORE)
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CHAPTER V
CORRELATION AND INTERPRETATION OF RESULTS
1. Mean Velocity
The mean velocity data, in dimensionless form (U/U*), are 
plotted versus a dimensionless distance from wall (Z^ £) in 
Figure (29). For Y* < 5 the data, with the exception of those 
taken extremely close to the wall, agree well with equation 
(11-44). The region of (Y* < 5) is considered to be the viscous 
sublayer and equation (11-44) is recommended for use in this 
region12. For Y+ > 20 the data agree well with equation 
(11-47) when it is used with the constants recommended by 
Deissler9. For 5 < Y+ < 20 neither equation (11-44) nor 
equation (11-47) agree well with the data. It is in this 
region Y+ < 27 that Deissler recommends the use of equation 
(11-48)5. However, equation (11-48) was not used in this re­
search as it requires the evaluation of an iterated integral 
and an experimental constant, which would render it extremely 
cumbersome for general use.
The measurements for Y < 5 that are above the U «= Y 
curve are, in all probability, the result of the heat transfer 
to the wall. This fact was pointed out in section (2) of 
Chapter IV.
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FIGURE (29)
EXPERIMENTAL DATA ON MEAN VELOCITY
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The use of two equations for the mean velocity profile 
in different regions of turbulent flow is not at all desirable, 
particularly when one of these will not satisfy the boundary 
of U » 0 at the wall. This dilemma led the author to give 
consideration to the equation (11-33) recommended by Pai18.
As pointed out previously this equation has the virtues of 
conforming to the boundary conditions, being a solution to the 
Reynolds Equations, and requires only one equation for the 
mean velocity profile across the entire pipe. However, as 
will be seen later, it too has its limitations and is not the 
ultimate answer to the problem.
Pai's equation
^ = 1 + n2 + --"-jr n211 (11-33)
r^aax 
where
8 ■ A  Re ( if2*" ) (11-36)
max 
T T  Re “ 1
 -------  (11-41)
i - He
allows the mean velocity profile to be evaluated from the 
readily available friction factor and (U^/Um ) plots. However, 
at the onset of this research equation (11-41) was yet to be 
derived and n had to be evaluated from the experimental data 
by the method of least squares.
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Equation (11-33) contains the constant n both as a coef­
ficient and an exponent to q. Therefore, by the conventional 
method of least squares, which sets
equal to zero, an equation explicit in n is not obtained. It 
was necessary to use a technique, known as Newton's method, 
which minimizes, by iteration,
This method requires a prohibitive number of calculations. 
Recourse was therefore made to a high speed computer, the IBM 650. 
The method used is outlined in the appendix.
It might be desirable to evaluate both n and 8 from the 
experimental data and therefore obtain optimum values of both 
constants. This would certainly be desirable from the curve 
fitting standpoing; however, the technique for optimizing 
equation (11-33) with respect to both n and s would be quite 
long. In fact, it is highly probable that it would be neces- 
sary to resort to a larger machine than the IBM 650.
After the work was completed on the calculation of n by 
the method of least squares, equation (11-41) was derived for 
evaluation of n from the friction factor and (U^ /Urn) plots.
The values of n calculated by both means are compared in
'max
9 n
9 n
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Table XV. A plot of equation (11-33), along with equations 
(11-44) and (11-47),*is given in Figure (31) for Reynolds 
numbers of 201,000, 61,000, and 4,800. Velocities calculated 
by Pai's equation are compared to the experimental data in 
Tables 1=through XII. In Figure (30) Pai's equation, equation 
(11-44) and equation (11-47), are compared with the experimental 
data.
By comparing the mean velocities calculated by Pai's 
equation, to the measured velocities, it is seen that over 
approximately 907. of the pipe radius (turbulent core) the cal­
culated and experimental values agree within about 5% and 
usually of the order of 17.. However, as the wall is approached, 
and the region of extreme curvature is entered, the calculated 
and experimental values deviate, in some cases, by as much as 
207-
In the fables in the appendix there are two velocities 
calculated by Pai's equation, one (Upt) using the n calculated 
from the friction factor and (U^/Um) plots, and the other, (Upe), 
using n calculated from the experimental data using the method 
of least squares. The (Upt) values agree better than the 
(UpB) over most of the pipe radius but disagree by much larger 
amounts near the wall. This is because the n used in calcu­
lating UpQ gives the -smallest standard deviation for the points 
considered and a good fit in the turbulent core was sacrificed 
to improve on the very poor fit in the outer transition region.
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FIGURE (31)
COMPARISON OF MEAN VELOCITY EQUATIONS
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In this research s, in equation (11-33), was calculated 
from the Moody friction factor plot assuming that the pipe 
under consideration was smooth. It would have been desirable
f
to calculate s from pressure drop measurements on the test 
section and therefore eliminate any errors that might be in­
troduced by using the friction factor plot.
2. Intensity of Turbulence
In section (8) of Chapter II sufficient conditions, such 
that the following relationship might be expected to hold, 
were given.
The conditions were that (1) the region near the wall is at 
energy equilibrium and (2) y is large enough to include sub­
stantially all the turbulent energy production but not so large 
as to be outside the constant stress region.
In Figure (32) u'/U* is plotted versus and it is
seen that the correlation is good out to Y* ~ 7, and for 
moderately high Reynolds numbers (say > 20,000) the correla­
tion may be extended out to Y* ^  40. The reason for the dis­
crepancies at the low Reynolds numbers is that the conditions, 
set forth above, are not satisfied; i.e., the region of extreme 
velocity gradient extends a considerable distance from the
7
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wall and uv reaches a maximum further from the wall. Since 
the turbulent energy production is proportional to uv (9U/6r)24, 
a larger percentage of the turbulent energy production takes 
place outside the constant stress region at lower Reynolds 
numbers. If a large part of the turbulent energy production 
takes place outside this constant stress region then the con­
stant stress region will probably be receiving turbulent energy 
from other sources and will not be in energy equilibrium. It 
should also be pointed out that, as the Reynolds number de- 
creases, the value of Y for a given distance from the wall 
and a given percentage variation in shear stress decreases. 
Therefore, on this basis alone, equation (V-l) could not be 
expected to hold for as large values of Y+ as at the higher 
Reynolds numbers.
The data of Laufer are also presented in Figure (32) and 
agree well with the results obtained by the present author.
This adds force to the above analysis as Laufer's results were 
taken in a larger pipe (10 inches) and at higher Reynolds 
number (up to 420,000).
From the same reasoning used to derive equation (11-45) 
Townsend24 reasoned that in the turbulent core, where the in-
i
fluence of viscosity is negligible, the dimensionless turbu­
lence quantities are a function only of (r/rQ). Figure (33) 
is a plot on this basis, and fair agreement is attained except 
for the two lower Reynolds numbers. This deviation is probably
'/
u*
92
2.5-
t  
$»
2.0 - ° *  
9
1.5 .
1.0 -
A
0.5. ;
a
o
0 _____
FIGURE (33)
INTENSITY CORRELATION IN TURBULENT CORE
I
o
a m 4 \
9 °- I S
o £9 O- •
■ 9
o «* <f-
o Re o 201,000
• Re 186,000
e Re » 163,000
»Re = 146,500
©Re » 123,000
jRe » 99,500
©•
9
81,800
61,000
39,800 Laufc
20,000 o- Re
9,780 «? Re
4,800
.2 .4 .6
(y/r0)
1 i
&a 9o-
o a r  rO •
8 Data a
420,000
41,000
i 1
.8 l.i
93
caused by the viscosity being important, at these low Reynolds 
numbers, and thus rendering his analysis invalid for low 
Reynolds numbers (say Re < 10,000).
Laufer's data are also plotted in Figure (33) and show 
the same general trend as the present author's data.
3. Dissipation Length
In Figures (25) and (26) dissipation length is plotted 
versus distance from the wall. In the range of Reynolds 
number investigated the dissipation length appears nearly 
constant for a given distance from the wall with the excep­
tion of the region near the wall where it decreases slightly 
with increasing Reynolds number. However, it should again 
be pointed out that in these measurements there was only a 
2.5 fold variation in Reynolds number (81,800 to 201,000) and 
a much wider range should be investigated before concluding 
that dissipation length is independent of the Reynolds number.
4. uw Correlation
In Figure (34) the correlation between the axial and 
azimuthal fluctuating velocities, in dimensionless form, is 
plotted versus r/rQ. These data are appreciably less accurate 
than any of the other data in this paper. The reasons for the 
discrepancies were pointed out in section (6) of Chapter IV.
The lines that were drawn through the experimental data
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in Figure (34) merit some consideration as it appears that 
they do not agree with the experimental results. First, at 
the pipe center (y/rQ = 1), the curves pass through uw/U*2 =• 0. 
Then, as y/rQ decreases, the curves are drawn along the line 
uw/U*2 = y/rQ. Although the experimental data do not exactly 
lie along this curve, the Reynolds equations would predict 
this type of behavior.
Actually the Reynolds equations predict the behavior for 
uv. However, at the center of the pipe uv = uw, and uv is 
zero by equation (11-22). The fact that uv = uw is brought 
about by the equality of the radial and azimuthal directions 
at the center of the pipe. In
and very near the center where uv ~ uw
uw JL /it
U*2 ^ rc (V
5. Azimuthal Intensity
The azimuthal intensity w' is plotted versus r/rQ in 
Figure (35) and is seen to give good correlation. When the
results in Figure (35) are compared to Laufer's results in
For the central region of the pipe -M- dU i8 negligible and
pU*2 dr
equation (11-22) may be written
uv r
(V-2)U*2 = ro
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Table XVI it is seen that the present author's results are 
about 20% lower. Considering the approximations made in the 
experimental techniques and calculations this is remarkable 
agreement. However, the range o£ Reynolds number investigated 
was very small and these results should be used with caution 
outside this range.
6. Laminar Sublayer
In Figure (21) it is seen that at Y* = 0.16 the intensity 
of turbulence is zero. If it is assumed that the dimensionless 
thickness (Y*) of the laminar sublayer is constant at (0.16), 
Figure (36) is obtained. This does not seem to be a bad assump­
tion; as it appears, from the experimental data obtained in this 
research and in Laufer's research, that u' and U are functions 
only of Y+ in the vicinity of the wall.
If the curves in Figure (36) are extrapolated to Re ^ 8 x 106 
then the thickness of the laminar sublayer Is the same as the 
mean free path of nitrogen (3.66 x 10~6 inches) and, in prin­
ciple, the laminar sublayer would no longer exist.
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CHAPTER VI
CONCLUSIONS
1.) From the Figures in Chapter V it is obvious that a com­
bination of the logarithmic velocity distribution and equation 
(11-43) gives, in general, a better fit than Pai's equation. 
This fact is particularly noticeable at high Reynolds numbers 
just outside the transition region where deviations up to 207. 
may be encountered. However, Pai's equation does give the 
best fit (within usually 1 or 27.) in the turbulent core which 
covers, for moderately high Reynolds, about 85% of the pipe 
radius. Pai's equation also reduces to, for Y+ < 4, equation 
(11-43) and gives a good fit of the data in that region. Pai's 
equation has the virtues of satisfying the Reynolds equations, 
the boundary conditions and it is a single equation for the 
entire pipe. The constants in Pai's equation can be deter­
mined from data readily available in standard texts. The 
combination of the logarithmic and equation (11-43) have none 
of the before mentioned virtues.
From the foregoing conclusions it is obvious that the 
choice of which equation, or combination, to use will be dic­
tated by their intended use. It is believed, however, that
*
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the versatility and ease of use of Pai's equation should 
stimulate its extensive use in the future.
2.) The intensity results point out that for U+ < 7 that 
u'/U* is a function only of Y+ and for Re > 20,000 this rela­
tion may be extended to Y+ of approximately 40. The data also 
show that for'Re > 20,000 the intensity reaches a maximum at 
about Y = 15. However, at the lower Reynolds numbers it
appears that the point of maximum intensity may be reached at
+a smaller value of Y .
In the turbulent core it appears that for moderately high 
Reynolds numbers (> 20,000) u'/U* and w'/U* vary only slightly 
with Reynolds number and are functions only of r/rD. A ten­
fold variation in Reynolds number causes only about a 20% 
change in u'/U*. However, at the lower Reynolds numbers 
u'/U* seems to be very much a function of Reynolds number.
3.) In the range of Reynolds number investigated (81,800 to 
201,000) dissipation length is independent of Reynolds number 
and dependent only on pipe position. The only exception to 
this finding is in the wall region (y < 0.10 inches) where the 
dissipation length appears to decrease slightly with increas­
ing Reynolds number.
4.) The correlation between the axial and azimuthal fluctua­
ting velocities (CRT) increases as the wall is approached, and
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when expressed in dimensionless form (uw/U*a) much of the 
scatter is eliminated. However, the data are not reliable 
enough to draw firm conclusions as to the functional relation­
ships that govern uw.
5.) As the wall is approached the fluctuating velocities 
approach zero and at the lowest Reynolds number (Re « 4,800) 
turbulence was not detectable at Y+ ** 0.16. This is, to the 
knowledge of the author, the only experimental evidence of a 
true laminar sublayer in fully developed turbulent flow.
This finding is of cardinal importance in our understand­
ing of the basis mechanism of heat and mass transfer in 
turbulent flow. The laminar film theory assumes that the 
laminar film controls the rate of transfer. However, the 
resistance of a laminar sublayer of thickness Y+ = 0.16 is 
only about one tenth of the total resistance predicted by 
conventional heat transfer coefficient relations. See Table 
XV. Furthermore, as mentioned above, the laminar sublayer is 
of the dimensions of the mean free path at high Reynolds 
numbers.
6.) When the Reynolds equations are simplified for axially 
symmetrical pipe flow, it is seen that there is definitely a 
tendency towards isotropy at the pipe center. The conditions 
uv =» uw » vs - 0 and v' =» w* are satisfied with the only
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conditions absent that w' « u'. In this research w' was about 
307. lower than u ‘, however, Laufer's data showed them to be 
equal. It is therefore necessary that more data, using refined 
methods, be taken on the azimuthal and radial intensities before 
it can be concluded that the turbulence is isotropic at the 
pipe center. It may, however, be asserted that there is a 
strong tendency toward isotropy at the center of the pipe.
\
CHAPTER VII
RECOMMENDATIONS
At the onset of this research it was obvious that the 
present study would not be the conclusion to the study of 
turbulent shear flow in pipes. In fact, no attempt was made 
in this research to measure space correlation coefficients, 
spectrum of turbulence, radial intensity, correlation between 
radial and axial fluctuating velocities, triple and quadruple 
correlations, or the terms in the turbulent energy equation. 
Certainly any study of turbulence would not be complete with­
out measurements of many of those mentioned. The lack of 
measurements on the above variables shows that turbulent pipe 
flow is most certainly a field that needs much more extensive 
study. It is recommended that the present aurhor's research 
be extended so as to include measurements of the above men­
tioned variables.
In conducting this research certain less obvious short­
comings have arizen that concern the measurements and ideas 
set forth in this paper. Some of the more prominent ones are 
listed below.
(1) Further work - A more extensive study of the velocity
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spikes, near the wall should be made. It is possible that 
quantitative conclusions as to the eddy structure and flow 
mechanisms might be accomplished from this study.
It would be desirable to extend the present results up 
to a Reynolds number of about 106. This would give more force 
to the conclusions and allow a 250 fold variation in Reynolds 
number.
(2) Equipment Improvements - A probe should be fabricated 
that would allow measurements closer to the wall than the
0.0025 inches attained in this research. A better method for 
determining the wall position would also be desirable.
In the mean velocity measurements close to the wall the 
heat transfer from the wire to the wall caused the mean 
velocity measurements to be high. An analysis of this situa­
tion should be made and corrections set forth that could be 
applied to the experimental results to correct for these effects.
The cross wire measurements left much to be desired.
These could be improved on by fabrication of a traversing 
mechanism made especially for cross wire measurements.
High frequency filters, with a cut off at about 10,000 
cycles per second, should be put between the amplifiers and 
the RMS Analyzer. This would eliminate the noise problem.
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A P P E N D I X
APPENDIX A
TABLE I. RESULTS OF TURBULENCE MEASUREMENTS Re - 201,000
Uexp 
(Ft/sec) U HexP U’/U*
7r~irr Upt (%ErUpe)(%ErUpt) X 
/ ■
2.5165 0.0030 4432 98.3 27.4 3.45 0.96 3.51 98.3 98.3 -0.0003 -0.0003 0.142
2.4925 0.0125 4390 98.3 27.4 3.38 0.94 3.44 98.3 98.3 -0.006 -0.005 0.139
2.3925 0.0521 4213 98.3 27.4 3.50 0.98 3.56 98.2 98.2 -0.10 -0.09 . 0.144
2.2925 0.0917 4037 97.3 27.2 3.62 1.01 3.72 98.0 98.0 0.70 0.75 0.146
2.2425 0.1115 3949 97.3 27.2 3.70 1.03 3.81 97.8 97.9 0.54 0.62 0.146
1.9925 0.2106 3509 '96.3 26.9 4.30 1.20 4.47 96.6 - 96.9 0.31 0.59 0.157
1.7425 0.3096 3069 94.5 26.4 4.98 1.39 5.27 94.6 95.2 0.13 0.75 0.169
1.4925 0.4087 2628 93.0 26.0 5.48 1.53 5.89 91.9 92.9 -1.19 -0.10 0.168
1.2425 0.5077 2188 90.5 25.3 5.94 1.66 6.56 88.4 90.0 -2.30 -0.57 0.157
0.9925 0.6068 1748 87.5 24.4 6.48 1.81 7.40 84.1 86.4 -3.79 -1.24 0.155
0.7425 0.7058 1308 83.6 23.4 7.10 1.98 8.49 79.2 82.2 -5.27 -1.65 0.149
0.4925 0.8048 867 78.7 22.0 7.82 2.18 9.93 73.5 77.4 -6.67 -1.66 0.140
0.3925 0.8445 691 75.7 21.1 8.10 2.26 10.7 70.9 75.3 -6. 28 -0.55 0.134
0.2925 0.8841 515 72.8 20.3 8.46 2.36 11.6 68.3 73.1 -6.16 0.37 0.124
0.2425 0.9039 427 70.8 19.8 8.46 2.36 11.9 67.0 71.9 -5.42 1.59 0.119
0.1925 0.9237 339 67.8 18.9 8.76 2.45 12.9 65.6 70.8 -3.29 4.36 0.111
0.1425 0.9435 251 65.8 18.4 8.76 2.45 13.3 64.2 69.6 -2.51 5.72 0.110
0.0925 0.9634 163 60.8 17.0 8.96 2.50 14.7 62.7 68.3 3.12 12.4 0.086
0.0425 0.9831 74.8 54.9 15.3 9.10 2.54 16.6 60.5 66.0 10.3 20.2 0.070
0.0325 0.9871 57.2 52.0 14.5 9.10 2.54 17.5 59.0 64.0 13.4 23.0 0.064
0.0225 0.9910 39.6 49.0 13.7 9.26 2.59 18.9 55.0 59.0 12.2 20.4 0.062
0.0175 0.9931 30.8 46.0 12.8 9.44 2.64 20.5 50.9 54.1 10.6 17.7 0.059
0.0125 0.9950 22.0 42.0 11.7 9.76 2.73 23.2 44.1 46.4 5.02 10.5 0.059
0.0100 0.9960 17.6 39.1 10.9 9.76 2.73 25.0 39.1 40.9 1.98 4.68 0.056
0.0075 0.9970 13.2 35.1 9.80 9.60 2.68 27.4 32.8 34.0 -6.53 -3.08 0.055
0.0050 0.9980 8.81 27.8 7.77 8.14 2.27 29.3 24.5 25.2 -11.7 -9.27 0.047
0.0025 0.9990 4.40 20.2 5.64 5.64 1.58 27.9 13.9 14.1 -31.4 -30.1 0.037
TABLE II. RESULTS OF TURBULENCE MEASUREMENTS Re = 186,000
y n Y+ uexp U+ ^ exp u*/u* (u'/u)% Upe Upt tfoErUpe) (7oErUpt) X
2.5165 0.0030 4110 90.0 27.0. 3.22 0.97 3.57 90.0 90.0 -0.0003 -0.0003 0.144
2.4925 0.0125 4071 90.0 27.0 3.22 0.97 3.57 90.0 90.0 -0.006 -0.005 0.142
2.3925 0.0521 3907 89.5 26.9 3.22 0.97 3.57 89.9 89.9 0.45 -0.47 0.141
2.2925 0.0917 3744 89.5 26.9 3.50 1.05 3.91 89.7 89.7 0.23 -0.28 0.153
2.2425 0.1115 3662 89.5 26.9 3.46 1.04 3.86 89.6 89.6 0.08 0.14 0.152
1.9925 0.2106 3254 88.0 26.4 3.99 1.20 4.53 88.5 88.7 0.53 0.77 0.159
1.7425 0.3096 2846 86.8 26.1 4.54 1.36 5.23 86.7 87.1 -0.13 0.38 0.168
1.4925 0.4087 2438 84.5 25.4 5.10 1.53 6.03 84.2 85.0 -0.31 0.60 0.167
1.2425 0.5077 2089 81.6 24.5 5.54 1.66 6.78 81.1 82.3 -0.61 0.84 0.164
0.9925 0.6068 1621 78.8 23.7 5.94 1.78 7.53 77.3 79.0 -1.91 0.24 0.157
0.7425 0.7058 1213 75.7 22.7 6.74 2.02 8.90 72.8 75.1 -3.83 -0.80 0.155
0.4925 0.8048 804 71.7 21.5 7.26 2.18 10.1 67.6 70.6 -5.67 -1.50 0.144
0.3925 0.8445 641 69.8 21.0 7.42 2.23 10.6 65,4 68.7 -6.33 -1.62 0.134
0.2925 0.8841 478 65.7 19.7 7.72 2.32 11.8 63.0 66.6 -4.09 1.40 0.121
0.2425 0.9039 396 64.8 19.5 7.84 2.35 12.1 61.8 65.6 -4.64 1.17 0.117
0.1925 0.9237 314 62.8 18.9 7.90 2.37 12.6 60.5 64.5 -3.60 2.67 0.111
0.1425 0.9435 233 59.8 18.0 8.24 2.47 13.8 59.3 63.4 -0.89 5.97 0.102
0.0925 0.9634 151 56.9 17.1 8.14 2.44 14.3 58.0 62.2 1.85 9.36 0.101
0.0425 0.9831 69.4 50.0 15.0 8.30 2.49 16.6 55.8 59.8 11.6 19.6 0.071
0.0325 0.9871 53.1 48.0 14.4 8.14 2.44 17.0 54.1 57.7 12.7 20.2 0.066
0.0225 0.9910 36.7 45.0 13.5 8.46 2.54 18.8 50.0 52.7 11.1 17.2 0.064
0.0175 0.9931 28.6 42.5 12.8 8.76 2.63 20.6 46.0 48.1 8.28 13.1 0.062
0.0125 0.9950 20.4 38.1 11.4 9.26 2.78 24.3 39.6 40.9 3.82 7.32 0.062
0.0100 0.9960 16.3 36.1 10.8 8.96 2.69 24.8 35.0 35.9 -3.17 -5.51 0.060
0.0075 0.9970 12.2 32.2 9.67 8.76 2.63 27.2 29.1 29.7 -9.61 -7.83 0.057
0.0050 0.9980 8.17 26.3 7.90 7.56 • 2.27 28.7 21.6 21.9 -17.7 -16.8 0.050
0,0025 0.9990 4.08 18.3 5.50 5.38 1.62 29.4 12.1 12.2 -33.9 -33.3 0.038 109
TABLE III. RESULTS OF TURBULENCE MEASUREMENTS Re = 163,000
y n Y+ Uexp u u 'exp U'/U* (U'/U)7. Upe Upt (7oErUpe) (%ErUpt) X
2.5165 0.0030 3701 80.0 26.9 2.88 0.97 3.60 80.0 80.0 -0.0003 -0.0003 0.140
2.4925 0.0125 3666 80.0 26.9 2.96 1.00 3.70 80.0 80.0 -0.006 -0.005 0.148
2.3925 0.0521 3519 79.7 26.8 2.96 1.00 3.71 79.9 79.9 0.27 0.29 0.149
2.2925 0.0917 3372 79.3 26.7 2.96 1.00 3.73 79.7 79.8 0.56 0.60 0.143
2.2425 0.1115 3298 78.7 26.5 3.12 1.05 3.96 79.6 79.7 1.17 1.23 0.148
1.9925 0.2106 2931 77.7 26.2 3.62 1.22 4.65 78.6 78.8 1.21 1.43 0.160
1.7425 0.3096 2563 76.9 25.9 4.14 1.39 5.38 77.1 77.4 0.20 0.69 0.169
1.4925 0.4087 2195 74.7 25.2 4.46 1.50 5.97 74.9 75.5 0.23 1.10 0.163
1.2425 0.5077 1828 71.8 24.2 4.98 1.68 6.93 72.1 73.1 0.39 1.79 0.163
0.9925 0.6068 1460 69.8 23.5 5.38 1.81 7.70 68.7 70.1 -1.59 0.47 0.160
0.7425 0.7058 1092 66.9 22.5 5.96 2.01 8.90 64.7 66.6 -3.29 -0.38 0.155
0.4925 0.8048 724 62.8 21.1 6.52 2.20 10.9 60.1 62.6 -4.30 -0.26 0.143
0.3925 0.8445 577 60.9 20.5 6.76 2.28 11.1 58.1 60.9 -4.61 -0.03 0.137
0.2925 0.8841 430 59.8 20.1 6.94 2.34 11.6 56.0 59.0 -6.37 -1.26 0.128
0.2425 0.9039 356 57.9 19.5 7.02 2.36 12.1 54.9 58.1 -5.18 0.34 0.119
0.1925 0.9237 283 55.9 18.8 7.02 2.36 12.6 53.8 57.1 -3.77 2.20 0.110
0.1425 0.9435 210 51.9 17.5 7.02 2.36 13.5 52.7 56.1 1.44 8.16 0.097
0.0925 0.9634 136 50.0 16.8 7.10 2.39 14.2 51.5 55.1 2.95 10.2 0.088
0.0425 0.9831 62.5 44.0 14.8 7.24 2.44 16.5 49.1 52.4 11.6 19.2 0.070
0.0325 0.9871 47.8 42.0 14.1 7.24 2.44 17.2 47.2 50.1 12.2 19.3 0.066
0.0225 0.9910 33.1 39.0 13.1 7.56 2.55 19.4 42.8 45.1 9.85 15.7 0.065
0.0175 0.9931 25.7 36.0 12.1 7.82 2.63 21.7 38.9 40.7 8.07 13.1 0.062
0.0125 0.9950 18.4 33.2 11.2 8.06 2.71 24.3 32.9 34.1 -0.90 2.83 0.062
0.0100 0.9960 14.7 30.2 10.2 7.90 2.66 26.2 28.8 29.7 -4.64 -1.52 0.059
0.0075 0*9970 11.0 27.2 9.16 7.40 2.49 27.2 23.7 24.4 -12;8 -10.4 0.056
0.0050 0.9980 7.35 21.3 7.17 6.36 2.14 29.8 17.4 17.8 -18.1 -16.4 0.047
0.0025 0*9990 3.68 15.3 5.15 4.30 1.45 28.1 9.65 9.80-36.9 -35.9 0.038
TABLE IV. RESULTS OF TURBULENCE MEASUREMENTS Re = 146,000
y n V* Eiexp u+ u*exp U'/U* (U'/U)7. Upe Upt (%EfUpe)(%ErUpt) X
2.5165 0.0030 3243 70.0 26.2 2.39 0.90 3.41 70.0 70.0 -0.0003 -0.0003 0.137
2.4925 0.0125 3212 70.0 26.2 2.39 0.90 3.41 70.0 70.0 -0.005 -0.005 0.137
2.3925 0.0521 3084 70.0 26.2 2.42 0.91 3.45 69.9 69.9 -0.09 -0.09 0.138
2.2925 0.0917 2955 70.0 26.2 2.53 0.95 3.61 69.8 69.8 -0.30 -0.28 0.142
2.2425 0.1115 2890 70.0 26.2 2.63 0.99 3.75 69.7 69.7 -0.44 -0.42 0.144
1.9925 0.2106 2568 69.3 25.9 2.94 1.10 4.24 68.9 69.0 -0.57 -0.50 0.151
1.7425 0.3096 2246 67.8 25.4 3.37 1.26 4.97 67.6 67.7 -0.24 -0.09 0.160
1.4925 0.4087 1924 66.2 24.8 3.85 1.44 5.81 65.9 66.1 -0.48 -0.20 0.164
1.2425 0.5077 1601 64.8 24.3 4.14 1.55 6.38 63.6 63.9 -1.79 -1.34 0.163
0.9925 0.6068 1279 62.8 23.5 4.61 1.73 7.36 60.9 61.3 -3.00 -2.34 0.164
0.7425 0.7058 957 59.9 22.4 5.03 1.88 8.39 57.7 58.3 -3.66 -2.72 0.156
0.4925 0.8048 635 57.0 21.3 5.38 2.01 9.43 54.0 54.7 -5.23 -3.96 0.143
0.3925 0.8445 506 54.9 20.6 5.62 2.10 10.2 52.4 53.2 -4.55 -3.09 0.136
0.2925 0.8841 377 52.6 19.7 5.82 2.18 11.1 50.7 51.6 -3.58 -1.92 0.124
0.2425 0.9039 313 51.2 19.2 5.91 2.21 11.5 49.8 50.8 -2.65 -0.87 0.118
0.1925 0.9237 248 49.0 18.4 6.02 2.25 12.3 48.9 49.9 -1.07 -1.84 0.110
0.1425 0.9435 184 47.5 17.8 6.29 2.36 13.2 48.0 49.0 1.13 3.28 0.108
0.0925 0.9634 119 45.4 17.0 6.36 2.38 14.0 47.1 48.1 3.68 5.93 0.090
0.0425 0.9831 54.8 40.2 15.1 6.72 2.52 16.7 44.5 45.3 10.7 12.6 0.077
0.0325 0.9871 41.9 38.3 14.3 6.86 2.57 14.2 42.3 42.9 10.5 11.9 0.074
0.0225 0.9910 29.0 35.2 13.2 7.08 2.65 20.1 37.8 38.1 7.50 8.23 0.070
0.0175 0.9931 22.6 33.0 12.4 7.30 2.73 22.1 34.0 34.1 2.97 3.20 0.070
0.0125 0.9950 16.1 29.4 11.0 7.55 2.83 25.7 28.3 28.2 -3.62 -3.91 0.068
0.0100 0.9960 12.9 27.2 10.2 7.42 2.78 27.3 24.6 24.5 -9.55 -10.1 0.067
0.0075 0.9970 9.67 23.6 8.84 7.08 2.65 30.0 20.1 19.9 -14.9 -15.7 0.061
0.0050 0.9980 6.44 19.2 7.19 5.75 2.15 29.9 14.6 14.4 -23.9 -24.8 0.052
0.0025 0.9990 3.22 13.4 5.02 3.85 1.44 28.7 8.02 7.88i-40.2 -41.2 0.038
TABLE V. RESULTS OF TURBULENCE MEASUREMENTS Re - 123,000
y n Y+ Uexp v *  U'exp u.Vu* (U*/U)% Upe Upt (7.ErUpe) (%ErUpt) X
2.5165 0.0030 2823 60.0 26.2 2.12 0.93 3.53 60.0 60.0 -0.0003 -0.0003 0.139
2.4925 0.0125 2796 60.0 26.2 2.12 0.93 3.53 60.0 60.0 -0.006 -0.005 0.139
2.3925 0.0521 2683 60.0 26.2 2.18 0.95 3.63 60.0 60.0 -0.096 -0.092 0.143
2.2925 0.0917 2571 60.0 26.2 2.23 0.97 3.71 59.8 59.8 -0.30 -0.28 0.148
2.2425 0.1115 2515 60.0 26.2 2.29 1.00 3.81 59.7 59.7 -0.44 -0.42 0.151
1.9925 0.2106 2235 59.5 26.0 2.63 1.15 4.42 59.0 59.1 -0.74 -0.68 0.160
1.7425 0.3096 1954 58.4 25.5 3.00 1.31 5.13 58.0 58.0 -0.75 -0.60 0.172
1.4925 0.4087 1674 56.3 24.6 3.29 1.44 5.84 56.5 56.6 0.27 0.53 0.167
1.2425 0.5077 1394 55.0 24.0 3.66 1.60 6.65 55.5 54.8 -0.86 -0.45 0.170
0.9925 0.6068 1113 53.4 23.3 3.96 1.73 7.41 52.2 52.5 -2.28 -1.68 0.167
0.7425 0.7058 833 51.2 22.4 4.37 1.91 8.53 49.4 50.0 -3.47 -2.63 0.158
0.4925 0.8048 552 48.2 21.0 4.80 2.10 9.95 46.2 46.8 -4.06 -2.89 0.148
0.3925 0.8445 440 47.5 20.7 5.01 2.19 10.5 44.9 45.5 -5.56 -4.26 0.148
0.2925 0.8841 328 45.3 19.8 5.12 2.24 11.3 43.4 44.1 -4.19 -2.69' 0.133
0.2425 0.9039 272 43.8 19.1 5.12 2.24 11.7 42.7 43.4 -2.62 -1.00 0.121
0.1925 0.9237 216 42.5 18.6 5.19 2.27 12.2 41.9 42.6 -1.45 0.29 0.113
0.1425 0.9435 160 40.2 17.6 5.27 2.30 13.1 41.1 41.9 2.22 4.14 0.103
0.0925 0.9634 104 37.3 16.3 5.40 2.36 14.5 40.2 41.0 7.82 9.93 0.091
0.0425 0.9831 47.7 33.8 14.8 5.69 2.48 16.8 37.1 37.8 9.93 11.8 0.079
0.0325 0.9871 36.5 31.6 13.8 5.85 2.55 18.5 34.8 35.3 10.1 11.7 0.076
0.0225 0.9910 25.3 28.6 12.5 6.14 2.68 21.5 30.4 30.7 6.17 7.30 0.072
0.0175 0.9931 19.6 26.5 11.6 6.36 2.78 24.0 26.8 27.1 1.26 2.11 0.070
0.0125 0.9950 14.0 23.6 10.3 6.36 2.78 26.9 22.0 22.1 -6.95 -6.42 0.068
0.0100 0.9960 11.2 21.6 9.43 6.24 2.72 29.2 18.9 18.9 -12.7 -12.3 0.068
0.0075 0.9970 8.41 18.4 8.03 5.60 2.45 30.4 15.2 15.3 -17.2 -17.0 0.062
0.0050 0.9980 5.60 14.7 6.42 4.50 1.97 30.6 10.9 11.0 -25.5 -25.5 0.054
0.0025 0.9990 2.80 11.0 4.80 2.95 1.29 26.8 5.93 5.92 -46.1 -46.2 0.043
TABLE VI. RESULTS OF TURBULENCE MEASUREMENTS Re = 99,500
y *1 ^exp U+ u*u exp U'/U* (U*/U)7. Upe upt (y-ErUpe) OErUpt) X
2.5165 0.0030 2402 50.0 26.5 1.84 0.97 3.68 50.0 50.0 -0.0003 -0.0003 0.094
2.4925 0.0125 2379 50.0 26.5 1.84 0.97 3.68 50.0 50.0 -0.006 -0.005 0.094
2.3925 0.0521 2283 50.0 26.5 1.87 0.99 3.74 50.0 50.0 -0.10 -0.09 0.094
2.2925 0.0917 2188 49.7 26.3 1.93 1.02 3.88 49.8 49.9 0.29 0.31 0.100
2.2425 0.1115 2140 49.7 26.3 2.03 1.07 4.08 49.8 49.8 0.15 0.18 0.104
1.9925 0.2106 1902 49.0 25.9 2.34 1.24 4.77 49.2 49.2 0.39 0.49 0.115
1.7425 0.3096 1663 48.3 25.6 2.54 1.34 5.25 48.3 48.4 -0.10 0.12 0.124
1.4925 0.4087 1424 46.8 24.8 2.81 1.49 6.00 47.0 47.1 0.33 0.73 0.126
1.2425 0.5077 1186 45.3 24.0 3.24 1.71 7.15 45.3 45.6 0.005 0.63 0.138
0.9925 0.6068 947 43.2 22.9 3.50 1.85 8.10 43.3 43.7 0.21 1.15 0.137
0.7425 0.7058 709 41.8 22.1 3.85 2.04 9.21 40.9 41.5 -2.10 -0.79 0.138
0.4925 0.8048 470 39.6 21.0 3.96 2.10 10.0 38.2 38.9 -3.55 -1.75 0.145
0.3925 0.8445 375 38.2 20.2 4.08 2.16 10.7 37.0 37.8 -3.13 -1.08 0.138
0.2925 0.8841 279 36.6 19.4 4.27 2.26 11.7 35.8 36.6 -2.30 0.04 0.130
0.2425 0.9039 231 36.0 19.0 4.21 2.23 11.8 35.1 36.0 -2.47 0.02 0.121
0.1925 0.9237 184 34.5 18.2 4.21 2.23 12.2 34.5 35.4 -0.14 2.57 0.110
0.1425 0.9435 136 32.2 17.0 4.27 2.26 13.3 33.8 34.7 4.87 7.89 0.096
0.0925 0.9634 88.3 30.8 16.3 4.43 2.34 14.4 32.9 33.9 6.83 10.1 0.088
0.0425 0.9831 40.6 27.2 14.4 4.79 2.53 17.6 29.3 30.2 7.86 11.2 0.077
0.0325 0.9871 31.0 26.5 14.0 4.90 2.59 18.5 26.9 27.7 1.64 4.70 0.079
0.0225 0.9910 21.5 22.8 12.1 5.12 2.71 22.5 22.9 23.5 0.30 3.24 0.073
0.0175 0.9931 16.7 21.4 11.3 5.27 2.79 24.6 19.9 20.4 -7.16 -4.49 0.076
0.0125 0.9950 11.9 18.4 9.74 5.12 2.71 27.82 15.9 16.4 -13.4 -10.9 0.073
0.0100 0.9960 9.54 17.0 8.99 4.98 2.63 29.29 13.6 13.9 -20.3 -18.1 0.073
0.0075 0.9970 7.16 14.6 7.72 4.38 2.32 30.00 10.8 11.1 -25.9 -23.9 0.067
0.0050 0.9980 4.77 11.5 6.08 3.41 1.80 29.65 7.68 7.89 -33.2 -31.4 0.054
0.0025 0.9990 2.39 8.20 4.34 2.21 1.17 26.95 4.10 4.21 -49.9 -48.6 0.040
TABLE VII. RESULTS OF TURBULENCE MEASUREMENTS Re = 81,800
y n Y+ ^exp U+ u'u exp U'/U* (U'/U)7. Upe Upt (7oErUpe) (7.ErUpt) X
2.5165 0.0030 1956 40.0 25.2 1.36 0.86 3.40 40.0 40.0 -0.0003 -0.0003 0.101
2.4925 0.0125 1937 40.0 25.2 1.36 0.86 3.40 40.0 40.0 -0.005 -0.003 0.101
2.3925 0.0521 1859 40.0 25.2 1.40 0.88 3.50 40.0 40.0 -0.10 -0.09 0.104
2.2925 0.0917 1782 40.0 25.2 1.43 0.90 3.57 39.9 39.9 -0.30 -0.29 0.107
2.2425 0.1115 1743 40.0 25.2 1.46 0.92 3.65 39.8 39.8 -0.45 -0.42 0.109
1.9925 0.2106 1549 39.7 25.0 1.75 1.10 4.40 39.4 39.4 -0.85 -0.77 0.127
1.7425 0.3096 1354 39.0 24.5 1.92 1.21 4.92 38.6 38.7 -0.97 -0.79 0.137
1.4925 0.4087 1160 38.1 24.0 2.16 1.36 5.66 37.6 37.7 -1.32 -1.00 0.143
1.2425 0.5077 966 36.7 23.1 2.40 1.51 6.53 36.3 36.5 -1.11. -0.61 0.149
0.9925 0.6068 771 35.8 22.5 2.63 1.65 7.34 34.7 35.0 -3.06 -2.32 0.157
0.7425 0.7058 577 33.8 21.3 2.84 1.79 8.40 32.8 33.2 -2.85 -1.80- 0.152
0.4925 0.8048 383 31.6 19.9 3.09 1.94 9.77 30.7 31.1 -2.90 -1.43 0.143
0.3925 0.8445 305 30.3 19.1 3.24 2.04 11.0 29.7 30.3 -1.84 -0.15 0.136
0.2925 0.8841 227 28.8 18.1 3.30 2.08 11.5 28.8 29.3 -0.15 1.80 0.126
0.2425 ‘ 0.9039 188 28.4 17.9 3.27 2.12 11.9 28.2 28.8 -0.53 1.53 0.121
0.1925 0.9237 150 27.2 17.1 3.49 2.19 12.8 27.7 • 28.3 1.94 4.18 0.110
0.1425 0.9435 111 26.2 16.5 3.51 2.21 13.4 27.2 27.8 3.72 6.13 0.101
0.0925 0.9634 71.9 24.5 15.4 3.69 2.32 15.0 26.4 27.0 7.66 10.2 0.095
0.0425 0.9831 33.0 22.0 13.8 4.26 2.68 19.4 22.8 23.2 3.77 5.59 0.091
0.0325 0.9871 25.3 20.7 13.0 4.46 2.81 21.5 20.7 21.0 -0.17 1.28 0.094
0.0225 0.9910 17.5 18.1 11.4 4.60 2.89 25.4 17.2 17.4 -4.84 -3.83 0.092
0.0175 0.9931 13.6 16.4 10.3 4.60 2.89 28.0 14.8 14.9- -9.76 -9.01 0.089
0.0125 0.9950 9.72 13.8 8.68 4.46 2.81 32.3 11.7 11.8 -15.0 -14.5 0.086
0.0100 0.9960 7.77 11.7 7.36 4.04 2.54 34.5 9.90 9.94 -15.4 -15.0 0.076
0.0075 0.9970 5.83 10.0 6.29 3.42 2.15 34.2 7.85 7.87 -21.5 -21.3 0.067
0.0050 0.9980 3.89 7.80 4.90 2.56 1.61 32.8 5.53 5.54 -29.1 -29.0 0.053
0.0025 0.9990 1.94 5.90 3.71 1.46 0.92 24.7 2.93 2.93 -50.3 -50.3 0.035
TABLE VIII. RESULTS OF TURBULENCE MEASUREMENTS Re = 61,000
y
\ i
n Y+ 1 Uexp u+ 1^  exp U'/U* (U'/U)7. *
_  i
TTpe Upt (7.ErUpe) (XErUpt)
2.5165 0.0030 1523 30.0 24.6 0.97 0.80 3.23 30.0 30.0 -0.0003 -0.0003
2.4925 0.0125 1508 30.0 24.6 1.00 0.82 3.33 30.0 30.0 -0.005 -0.005
2.3925 0.0521 1448 30.0 24.6 1.03 0.84 3.43 30.0 30.0 -0.10 -0.09
2.2925 0.0917 1387 30.0 24.6 1.03 0.84 3.43 29.9 29.9 -0.30 -0.29
2.2425 0.1115 1357 29.7 24.3 1.09 0.89 3.67 29.9 29.9 0.57 0.58
1.9925 0.2106 1206 29.0 23.8 1.23 1.01 4.24 29.5 29.5 1.83 1.87
1.7425 0.3096 1054 28.5 23.4 1.42 1.16 4.98 29.0 29.0 1.70 1.78
1.4925 0.4087 903 28.0 23.0 1.52 1.25 5.42 28.2 28.3 0.83 0.97
1.2425 0.5077 752 27.3 22.4 1.73 1.42 6.33 27.3 27.3 -0.11 0.12
0.9925 0.6068 601 26.2 21.5 1.93 1.58 7.36 26.1 26.2 -0.39 -0.04
0.7425 0.7058 449 25.2 20.7 2.16 1.77 8.57 24.7 24.8 -1.90 -1.42
0.4925 0.8048 298 23.3 19.1 2.30 1.89 9.87 23.1 23.3 -0.70 -0.02
0.3925 0.8445 237 22.7 18.6 2.36 1.93 10.4 22.4 22.6 -1.13 -0.36
0.2925 0.8841 177 21.7 17.8 2.49 2.04 11.5 21.7 21.9 0.08 0.96
0.2425 0.9039 147 21.3 17.5 2.53 2.07 11.9 21.3 21.5 0.19 1.13
0.1925 0.9237 116 20.6 16.9 2.53 2.07 12.3 20.9 21.2 1.69 2.69 ;
0.1425 0.9435 86.2 19.8 16.2 2.67 2.19 13.5 20.5 20.7 3.46 4.52
0.0925 0.9634 60.0 18.8 15.4 2.90 2.38 15.4 19.6 20.0 4.19 5.18
0.0425 0.9831 25.7 16.3 . 13.4 3.57 2.93 21.9 15.8 16.0 -2.87 -2.35
0.0325 0.9871 19.7 14.6 12.0 3.68 3.02 25.2 14.0 14.0 -4.50 -4.13
0.0225 0.9910 13.6 12.5 10.2 3.80 3.11 30.4 11.2 11.3 -10.1 -9.94
0.0175 0.9931 10.6 10.8 8.85 3.63 2.98 33.6 9.47 9.48 -12.3 -12.3
0.0125 0.9950 7.56 8.80 7.21 3.29 2.70 37.4 7.35 7.34 -16.5 -16.5
0.0100 0.9960 6.05 7.40 6.07 3.02 2.48 40.8 6.13 6.13 -17.1 -17.2
0.0075 0.9970 4.54 6.10 5.00 2.36 1.93 38.7 4.80 4.80 -22.3 -21.4
0.0050 0.9980 3.03 4.80 3.93 1.77 1.45 36.9 3.34 3.34 -30.3 -30.5
0.0025 0.9990 1.51 3.80 3.11 0.94 0.77 24.7 1.75 1.75 -53.9 -54.1
TABLE.IX. RESULTS OF TURBULENCE MEASUREMENTS Re = 39,800
y n Y+ Uexp U+ ij 'u exp u*/u* (u'/u)% ^pe upt (XEj-Upe) (XEj-Upt-)
2.5165 0.0030 1051 20.0 23 .9 0 .7 5 0 .9 0 3 .7 5 20.0 20 .0 -0 .0 0 0 3 -0 .0003
2.4925 0 .0125 1041 20.0 23 .9 0 .7 5 0 .9 0 3 .7 5 20.0 20 .0 -0 .0 0 6 -0 .0 0 5
2.3925 0 .0521 999 20 .0 23 .9 0 .7 5 0 .9 0 3 .7 5 20.0 20 .0 - 0 .1 0 - 0 .0 9
2.2925 0.0917 957 20.0 23 .9 0 .7 6 0 .9 1 3 .80 19.9 19 .9 - 0 .3 3 - 0 .2 8
2.2425 0.1115 937 19.8 23.7 0 .7 9 0 .9 4 3 .98 19.9 19 .9 0 .5 2 0 .5 8
1.9925 0.2106 832 19.5 23 .3 0 .8 7 1 .0 4 4 .4 6 19.7 19.7 0 .8 0 1 .02
1.7425 0 .3096 728 19 .2 22 .9 0 .9 9 1.18 5 .1 5 19.3 1 9 .4 0 .2 9 0 .7 8
1.4925 0.4087 623 18 .5 2 2 .1 1 .15 1.37 6 .2 1 18.7 18 .9 1 .10 1 .99
1.2425 0 .5077 520 17.8 21 .3 1 .22 1 .46 6 .85 18.0 18.3 1 .12 2 .54
0 .9925 0 .6068 415 17 .1 20 .4 1 .36 1 .62 7 .95 17 .1 17 .5 0 .2 5 2 .36
0 .7425 0 .7058 310 16.3 19.5 1 .48 1.77 9.07 16 .1 16 .6 - 1 .0 2 1 .98
0 .4925 0.8048 206 15.3 18 .3 1 .56 1 .86 10 .2 15 .0 15 .6 - 2 .1 4 2 .01
0.3925 0 .8445 164 15.0 17 .9 1 .62 1 .9 4 10 .8 14 .5 15 .2 - 3 .5 6 1.10
0.2925 0 .8841 122 13.8 16 .5 1 .76 2.10 12 .8 13 .9 14.7 0 .9 6 6 .50
0 .2425 0.9039 101 13.3 15 .9 1.73 2.07 13 .0 13 .6 1 4 .4 2 .62 8 .59
0 .1925 0.9237 8 0 .4 12 .8 15.3 1 .76 2.10 13 .8 13.3 14 .1 4 .1 4 10.5
0 .1425 0.9435 59 .5 12 .5 14 .9 1 .91 2.28 15.3 12 .9 13.7 3 .0 1 9 .38
0 .0925 0 .9634 38 .6 11 .8 14 .1 2.07 2.47 17 .5 11.9 12 .6 0 .7 2 6 .49
0 .0425 0 .9831 17.8 9 .40 1 1 .2 2 .55 3 .0 5 27 .1 8 .7 4 9 .11 - 7 .0 4 - 3 .1 2
0 .0325 0 .9871 13 .6 8 .40 10.0 2 .55 3 .0 5 3 0 .4 7 .45 7 .7 4 - 1 1 .1 - 7 .8 0
0 .0225 0.9910 9 .40 6 .70 8 .0 0 2.47 2 .95 3 6 .9 5 .8 1 5 .99 -1 3 .3 - 1 0 .5
0 .0175 0 .9931 7 .31 5 .70 6 .81 2 .25 2 .69 3 9 .5 4 .80 4 .9 4 - 1 5 .8 - 1 3 .4
0 .0125 0 .9950 5 .2 2 4 .2 0 5 .0 2 1 .85 2 .21 4 4 .0 3 .65 3 .7 4 - 1 3 .2 - 1 0 .9
0 .0100 0 .9960 4 .18 3 .20 3 .8 2 1 .54 1 .84 4 8 .1 3 .0 1 3 .08 - 5 .8 8 - 3 .6 1
0 .0075 0 .9970 3 .13 2 .80 3 .3 5 1 .29 1 .54 46 .0 2 .33 2.39 -1 6 .7 - 1 4 .8
0 .0050 0 .9980 2.09 2 .40 2.87 0 .8 3 0 .9 9 3 4 .6 1.61 1 .64 - 3 3 .1 -3 1 .7
0 .0025 0.9990 1 .04 — — 0.43- 0 .5 1 — 0 .83 0 .8 5 — —
TABLE X. RESULTS OF TURBULENCE MEASUREMENTS Re = 20,000
y Y+ ^exp U+ u' ^exp U'/U* (U'/U) 7. Upe Upt (7^rUpe) CU^Upt)
2.5165 0 .0030 562 10.0 2 2 .0 0 .4 0 0 .8 9 4 .00 10 .0 10 .0 -0 .0 0 0 3 -0 .0 0 0 3
2.4925 0 .0125 557 10 .0 22 .0 0 .3 9 0 .8 6 3 .9 0 10.0 10 .0 - 0 .0 0 5 - 0 .0 0 5
2.3925 0 .0521 534 10 .0 22 .0 0 .4 0 0 .8 9 4 .0 0 9 .99 9 .99 - 0 .1 0 - 0 .0 9
2.2925 0.0917 512 10.0 22 .0 0 .4 1 0 .9 0 4 .1 0 9.97 9.97 - 0 .3 0 - 0 .2 8
2.2425 0.1115 501 10.0 22 .0 0 .4 1 0 .9 0 4 .1 0 9 .96 9 .96 - 0 .4 5 - 0 .4 2
1.9925 0 .2106 445 10.0 22 .0 0 .4 6 1 .01 4 .6 0 9 .84 9 .85 - 1 .6 0 - 1 .4 9
1.7425 0 .3096 389 9 .90 21 .8 0 .5 1 1.12 5 .1 5 9 .65 9 .68 - 2 .4 8 - 2 .2 4
1.4925 0.4087 333 9 .60 21 .1 0 .6 0 1 .32 6 .25 9.40 9 .4 4 - 2 .1 0 - 1 .6 6
1.2425 0.5077 277 9 .10 20.0 0 .6 4 1 .4 1 7 .08 9.07 9 .1 4 - 0 .3 2 0 .3 9
0 .9925 0.6068 222 8 .7 0 19 .1 0 .7 1 1.56 8 .1 6 8.67 8 .77 - 0 .3 1 0 .7 6
0.7425 0.7058 166 8 .2 0 18.0 0 .7 5 1.65 9 .1 4 8 .20 8 .33 0 .0 5 1 .59
0.4925 0.8048 110 7 .7 0 16.9 0 .8 1 1.78 10 .5 7 .6 6 7 .83 -0 .4 7 1 .65
0.3925 0 .8445 87 .7 7 .40 16 .3 0 .8 4 1 .85 11 .4 7 .4 2 7 .60 0 .2 9 2 .68
0 .2925 0 .8841 65 .3 7 .05 15 .5 0 .8 9 1 .96 12 .6 7 .13 7 .3 2 1.17 3 .78
0 .2425 0.9039 5 4 .2 6 .60 14 .5 0 .9 1 2 .00 13 .8 6 .9 4 7 .1 2 5 .08 7 .80
0 .1925 0.9237 , 43 .0 6 .60 14 .5 1 .00 2 .20 15 .2 6 .64 6 .8 1 0 .6 6 3 .1 6
0 .1425 0 .9435 31 .8 6 .15 13 .5 1 .07 2 .35 17 .4 6 .1 4 6 .28 - 0 .1 1 2 .06
0 .0925 0 .9634 20.7 5 .40 11 .9 1 .28 2 .8 1 23.7 5 .19 5.27 - 3 .9 6 2 .44
0.0425 0 .9831 9 .49 4 .0 4 8 .88 1 .2 4 2.73 30 .7 3 .2 4 3 .2 6 - 1 9 .8 -1 9 .3
0 .0325 0 .9871 7 .2 6 3 .05 6 .70 1.09 2.40 35 .7 2.65 2 .66 - 1 3 .1 - 1 2 .8
0 .0225 0.9910 5.03 2 .35 6 .15 0 .9 0 1.98 38 .3 1.97 1.97 - 1 6 .4 -1 6 .3
0 .0175 0 .9931 3 .9 1 1 .75 3 .85 0 .7 0 1 .5 4 40 .0 1 .58 1.58 -  9 .5 -  9 .5
0 .0125 0.9950 2.79 1 .46 3 .2 0 0 .4 9 1.08 3 5 .0 1.17 1.17 - 1 9 .7 - 1 9 .8
0.0100 0.9960 2.23 1.15 2 .52 0 .3 7 0 .8 1 3 2 .2 0 .9 5 0 .9 5 - 1 7 .0 - 1 7 .1
0 .0075 0 .9970 1.67 1.10 2 .41 0 .2 5 0 .5 5 22.7 0 .7 3 0 .73 -3 3 .7 - 3 3 .9
0 .0050 0 .9980 1 .11 — - - 0 .1 6 0 .3 5 ■ — 0 .4 9 0 .4 9 — —
0.0025 0.9990 0 .5 6 — — 0.089 0 .2 0 — 0 .2 5 0 .2 5 — 117
TABLE XI. RESULTS OF TURBULENCE MEASUREMENTS Re = 9,780
y T) Y+ ^exp U+ U'exp u'/u* (U'/U) 7. Upe <
3
rt ( 7 - W  (7ErUpt)
2.5165 0.0030 305 5.03 20.6 0.178 0.73 3.53 5.03 5.03 -0.0003 -0.0003
2.4925 0.0125 302 5.03 20.6 0.178 0.73 3.53 5.03 5.03 -0.005 -0.006
2.3925 0.0521 290 5.03 20.6 0.178 0.73 3.53 5.03 5.03 -0.09 -0.08
2.2925 0.0917 277 5.03 20.6 0.178 0.73 3.53 5.02 5.02 -0.27 -0.25
2.2425 0.1115 271 5.03 20.6 0.186 0.76 3.69 5.01 5.01 -0.40 -0.37
1.9925 0.2106 241 4.94 20.2 0.206 0.84 4.17 4.96 4.96 0.36 0.49
1.7425 0.3096 211 4.83 19.8 0.230 0.94 4.76 4.87 4.89 0.90 1.20
1.4925 0.4087 181 4.73 19.4 0.254 1.04 5.36 4.76 4.78 0.59 1.11
1.2425 0.5077 150 4.62 18.9 0.270 1.11 5.84 4.61 4.65 -0.22 0.61
0.9925 0.6068 120 4.42 18.1 0.308 1.26 6.96 4.43 4.48 -0.22 1.46
0.7425 0.7058 89.9 4.22 17.3 0.330 1.35 7.81 4.21 4.29 -0.11 1.63
0.4925 0.8048 59.6 3.92 16.1 0.414 1.66 10.6 3.94 4.03 0.43 2.71
0.3925 0.8445 47.5 3.62 14.8 0.446 1.83 12.3 3.77 3.86 4.05 6.54
0.2925 0.8841 35.4 3.42 14.0 0.496 2.03 14.5 3.49 3.58 2.16 4.60
0.2425 0.9039 29.3 3.21 13.2 0.580 2.38 18.0 3.28 3.36 2.27 4.62
0.1925 0.9237 23.3 3.01 12.3 0.620 2.54 20.6 2.99 3.05 -0.76 1.37
0.1425 0.9435 17.2 2.91 11.9 0.700 2.87 24.0 2.56 2.61 -11.9 10.2
0.0925 0.9634 11.2 2.40 9.84 0.708 2.90 29.5 1.95 1.99 -18.6 7.3
0.0425 0.9831 5.14 1.23 5.04 0.514 2.11 41.8 1.07 1.08 -13.3 -12.2
0.0325 0.9871 3.93 0.85 3.48 0.414 1.70 48.7 0.85 0.86 -0.50 0.63
0.0225 0.9910 2.72 0.55 2.25 0.304 1.25 55.3 0.61 0.61 10.4 11.5
0.0175 0.9931 2.12 0.48 1.97 0.206 0.84 42.9 0.48 0.49 0.22 1.21
0.0125 0.9950 1.51 0.42 1.72 0.142 0.58 33.8 0.35 0.35 -16.7 -15.9
0.0100 0.9960 1.21 - - •• mm 0.097 0.40 am mm 0.28 0.29 — - -
0.0075 0.9970 0.91 - - - - 0.070 0.29 - - 0.21 0.22 —  • - -
0.0050 0.9980 0.61 -- - - 0.040 0.16 - - 0.14 0.15 — - -
0.0025 0.9990 0.30 — — 0.017 0.07 — 0.073 0.073 — am mm 118
TABLE XII. RESULTS OF TURBULENCE MEASUREMENTS Re = 4,800
y Y+ ^exp U+ ^ exp u ' / u * (U'/U) 7. upe *aC
l
rt (7oErUpe) (%ErUpt)
2.5165 0.0030 163 2.53 19.0 0 .0 8 1 0 .6 1 3 .20 2.53 2.53 -0 .0 0 0 2  -0 .0 0 0 2
2.4925 0.0125 162 2.53 19 .0 0 .0 8 1 0 .6 1 3 .2 0 2.53 2.53 -0 .0 0 3  - 0 .0 0 4
2.3925 0 .0521 155 2.53 19.0 0 .0 8 1 0 .6 1 3 .20 2.53 2.53 - 0 .0 5  -0 .0 7
2.2925 0.0917 149 2.53 19.0 0 .081 0 .6 1 3 .2 0 2.53 2 .52 - 0 .1 7  - 0 .2 2
2.2425 0 .1115 146 2.53 19 .0 0 .093 0 .7 0 3.67 2 .52 2 .52 - 0 .2 6  - 0 .3 3
1.9925 0 .2106 129 2.47 18 .6 0 .097 0 .7 3 3 .9 2 2 .51 2.50 1 .49  1 .22
1.7425 0 .3096 113 2 .42 18 .2 0 .101 0 .7 6 4 .17 2.48 2.47 2.47  1 .88
1.4925 0.4087 96 .9 2 .36 17.7 0 .116 0 .8 7 4 .9 1 2 .44 2 .42 3 .4 9  2 .43
1.2425 0.5077 80 .7 2 .31 17 .4 0 .129 0 .9 7 5 .58 2 .40 2 .36 3 .6 1  1 .97
0 .9925 0.6068 6 4 .4 2; 20 16 .5 0 .143 1 .08 6 .56 2.33 2.27 5 .73  ,3 .3 9
0 .7425 0.7058 4 8 .2 2.13 16.0 0 .166 1 .25 7 .79 2 .22 2.15 4 .0 0  1 .16
0 .4925 0.8048 32 .0 1.97 14 .8 0 .2 0 4 1 .5 4 10 .4 1.98 1 .92 0 .4 9  - 2 .3 3
0.3925 0 .8445 25 .5 1 .92 14 .4 0 .233 1 .76 12 .1 1 .81 1 .76 - 5 .7 8  - 8 .2 5
0.2925 0 .8841 19 .0 1.68 12 .6 0 .233 1 .76 13.9 1 .56 1 .53 - 7 .0 5  -9 .1 7
0 .2425 0.9039 15.7 1 .52 11 .4 0 .2 6 1 1.96 17 .2 1.40 1.37 - 7 .9 9  -9 .8 7
0 .1925 0.9237 12.5 1 .35 10 .2 0 .270 2.03 20.0 1 .20 1 .18 - 1 1 .0  - 1 2 .5
0 .1425 0.9435 9 .25 1.23 9 .25 0 .255 1 .92 20.7 0 .97 0 .9 5 - 2 1 .5  - 2 2 .6
0 .0925 0 .9634 6 .01 0 .7 8 5 .86 0 .2 4 2 1 .82 31 .0 0 .6 8 0 .6 7 - 1 2 .6  - 1 3 .5
0 .0425 0 .9831 2 .76 0 .4 0 3 .0 0 0 .116 0 .8 7 29 .0 0 .3 4 0 .3 4 - 1 4 .6  - 1 5 .2
0 .0325 0 .9871 2 .11 0 .2 8 2.10 0.070 0 .5 3 25.0 0 .27 0 .2 6 - 5 .0 7  - 5 .5 8
0 .0225 0.9910 1 .46 — mm a* 0.043 0 .3 2 — 0 .1 9 0 .1 9 - -
0.0175 0 .9931 1 .1 4 - - - - 0 .029 0 .2 2 - - 0 .1 5 0 ,1 5 - -
0.0125 0.9950 0 .8 1 - - - - 0.0163 0 .1 2 — 0 .1 1 0 .1 1 —
0.0100 0.9960 0 .6 5 — mm mm 0.0101 0 .0 7 -- 0 .085 0.085 —
0.0075 0.9970 0 .4 9 — mm mm 0.0048 0 .0 4 — 0 .0 6 4 0 .0 6 4 —
0.0050 0 .9980 0 .3 2 — - - 0.0023 0 .0 2 mm » 0.043 0 .043 mm w  mm ^ m
0.0025 0.9990 0 .1 6 — — 0.0 0.0 — 0 .0 2 2 0 .0 2 2 — 119
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TABLE XIII. 
186.000
CROSS WIRE RESULTS
163, 000
X x/rQ , uw w ‘ uw/U*2 w'/U* uw w* < uw/U*2 - w'/U*
2 .524 1.0000 0 .6 1 1.83 0 .055 0 .5 5 0 .4 4 1 .65 0 .050 0 .5 6
2.250 0 .8914 0 .7 0 1 .96 0.063 0 .5 9 0 .8 3 1 .72 0 .0 9 4 0 .5 8
2.000 0 .7924 1 .11 2 .42 0 .1 0 0 .6 4 1 .13 1.93 0 .128 0 .6 5
1.750 0.6933 1.58 2 .36 0 .1 4 0 .7 1 0 .7 7 2.08 0 .087 0 .7 0
1.500 0 .5943 1 .42 2 .6 4 0 .1 3 0 .7 9 1.27 2 .36 0 .1 4 0 .7 9
1.250 0 .4952 2 .42 2.83 0 .2 2 0 .8 5 1 .38 2 .55 0 .1 6 0 .8 6
1.000 0 .3962 3 .13 3.07 0 .2 8 0 .9 2 1 .72 2 .79 0 .2 0 0 .9 4
0 .750 0 .2971 4 .3 9 3 .2 2 0 .4 0 0 .9 7 2 .25 2.90 0 .2 6 0 .9 8
0 .5 0 0 0 .1981 5 .3 5 3 .3 6 0 .4 8 1.01 3 .98 3 .0 2 0 .4 5 1.02
0 .250 0,0990 5 .6 6 3 .67 0 .5 1 1 .10 5 .2 1 3 .2 2 0 .5 9 1.08
Re 146, 000 123, 000
X x/rQ uw w' uw/U*2 w'/U* uw w' uw/U*2 w'/U*
2 .524 1.0000 0 .4 9 1.45 0 .069 0 .5 4 0 .3 5 1 .21 0.067 0 .5 3
2.250 0 .8914 0 .5 7 1 .54 0 .080 0 .5 8 0 .3 7 1.27 0 .071 0 .5 5
2.000 0 .7924 0 .6 3 1.67 0.088 0 .6 3 0 .5 2 1.37 0 .099 0 .6 0
1.750 0 .6933 0 .4 7 1 .86 0 .0 6 6 0 .7 0 0 .7 2 1 .54 0 .1 4 0 .67
1.500 0.5943 0 .9 6 2 .06 0 .1 4 0 .77 0 .7 2 1 .70 0 .1 4 0 .7 4
1.250 0 .4952 1 .22 2 .20 0 .1 7 0 .8 2 0 .9 2 1 .84 0 .1 8 0 .8 0
1.000 0 .3962 1.73 2 .36 0 .2 4 0 .8 8 1 .33 1 .96 0 .2 5 0 .8 6
0 .750 0 .2971 2.05 2.48 0 .2 9 0 .9 3 1.25 2.08 0 .2 4 0 .9 1
0 .500 0 .1981 2 .20 2 .55 0 .3 1 0 .9 6 1.76 2 .21 0 .3 4 0 .97
0 .250 0.0990 3 .17 2 .75 0 .45 1.03 2 .51 2.37 0 .4 8 1.03
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tTABLE XIX. CROSS WIRE RESULTS
Re -* _  9L.500 81,800
X x/r0 uw w' uw/U*2 w'/U* uw w' uw/U*2 w'/U*
2.524 1.000 0.35 1.03 0.098 0.54 0.10 0.78 0.040 0.49
2.250 0.8914 0.31 1.11 0.087 0.59 0.16 0.86 0.063 0.54
2.000 0.7924 0.41 1.21 0.12 0.64 0.19 0.91 0.075 0.57
1.750 0.6933 0.45 1.33 0.13 0.70 0.26 1.05 0.10 0.66
1.500 0.5943 0.58 1.45 0.16 0.77 0.30 1.15 0.12 0.72
1.250 0.4952 0.52 1.56 0.15: 0.83 0.47 1.28 0.19 0.81
1.000 0.3962 0.86 1.70 0.241 0.90 0.51 1.42 0.20 0.89
0.750 0.2971 0.91 1.76 0.25 0.93 0.47 1.46 0.19 0.92
0.500 0.1981 1.32 1.88 0.37 0.99 0.51 1.50 0.20 0.94
0.250 0.0990 1.38 .1.98 0.39 1.05 0.80 1.69 0.32 1.06
Re 61
ooo
* 39,800
X x/r0 uw w' uw/U*2 w'/U* uw w' uw/U*2 w'/U*
2.524 1.000 0.11 0.64 0.074 0.52 0.11 0.48 0.16 0.57
2.250 0.8914 0.12 0.68 0.081 0.56 0.10 0.50 0.14 0.60
2.000 0.7924 0.16 0.77 0.11 0.63 0.08 0.55 0.11 0.65
1.750 0.6933 0.15 0.83 0.10 0.68 0.08 0.61 0.11 0.73
1.500 0.5943 0.18 0.91 0.12 0.75 0.11 0.69 0.16 0.82
1.250 0.4952 0.20 0.99 0.13 0.81 0.13 0.75 0.19 0.89
1.000 0.3962 0.28 1.11 0.19 0.91 >0.15 0.81 0.21 0.96
0.750 0.2971 0.31 1.15 0.21 0.94 0.17 0.87 0.24 1.04
0.500 0.1981 0.50 1.21 0.34 0.99 0.19 0.92 0.27 1.09
0.250 0.0990 0.57 1.35 0.38 1.11 0.27 0.99 0.39 1.18 121
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TABLE XV. LAMINAR SUBLAYER .
Re Yese ^ese
    Btu/Hr-rtg-°F
201.000 0.000091 2,060
186.000 0.000098 1,900
103.000 0.000110 1,690
146.000 0.000124 1,500
123.000 .. 0.000143 1,300
99,500 0.000168 1,110
81,800 0.000206 902
61.000 0.000265 702
39,800 0.000383 486
20.000 0.000717 259
9,780 0.00132 141
4,800 0.0025 74.3
^  Yese an<* hese are based on the laminar sublayer having a 
thickness of Y* » 0.161.
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TABLE XVI. lAUFER'S DATA*
i
Re -♦ 420,000 41,000
y/rQ U'/U* w'/U* u ' / u * w'/U*
1.00 0 .8 0 0 .7 5 0 .7 8 0 .7 3
0 .9 0 0 .8 1 0 .77 0 .8 0 0 .7 5
0 .8 0 0 .9 4 0 ,8 2 0 .9 4 0 .7 9
0 .6 9 1.05 0 .9 0 1.03 0 .8 9
0 .5 9 1.19 0 .9 6 1 .14 0 .9 5
0 .4 8 1 .26 1.09 1.25 1.02
0 .3 7 1 .45 1.19 1 .35 1.17
0 .2 7 1 .60 1.27 1 .45 1 .22
0 .1 7 1.87 1 .34 1.60 1.25
0 .0 8 2 .05 1 .52 1.80 1.28
Re 420, 000 41
ooo
•*
y/r0 y y+  u ' / u *  y / r o y Y u ' / u *
0 .0013 0 .0063 11 .0  2 .30 0 .0028 0 .0136 2 .82 0 .6 0
0 .0017 0.0085 14.5  2 .63 0 .0040 0 .0194 4 .0 3 1 .25
0 .0020 0 .0098 17 .2  2 .6 0 0 .0068 0 .0330 6 .8 6 1 .96
0 .0040 0.0195 3 4 .2  2 .45 0 .0078 0.0378 7 .85 2 .32
0 .0070 0 .0340 59 .7  2 .25 0 .0080 0.0388 8 .0 6 2.40
0 .0140 0 .0680 119.0  2 .25 0 .0100 0 .0486 1 0 .1 2 .50
0 .0250 0 .1210 212.0  2 .20 0 .0165 0.0800 1 6 .6 2 .60
0 .0410 0 .1990 41 .3 2 .20
3  These data”"were readTfrom the graphs in reference 13 and 
are subject to the errors that occur therefrom.
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i
TABLE XVII. PARAMETERS FOR THE DESCRIPTION 
OF TURBULENT PIPE FLOW
Re ^max
(Ft/sec)
uA^Umax S ^pe ^pt u*
201,000 98.3 0.824 80.7 131.7 120.6 3.58
186,000 90.0 0.832 76.6 123.6 113.4 3.33
163,000 80.0 0.820 67.7 109.1 102.0 2.97
146,000 70.0 0.841 63.4 97.4 93.1 2.67
123,000 60.0 0.825 53.9 82.9 80.9 2.29
99.500 50.0 0.800 44.2 69.0 68.5 1.89
81,800 40.0 0.823 39.2 60.6 58.9 1.59
61,000 30.0 0.818 30.8 47.0 46.3 1.22
39,800 20.0 0.800 21.7 34.7 32.8 0.837
20,000 10.0 0.803 13.0 19.7 18.9 " 0.455
9,780 5.03 0.781 7.36 10.4 10.1 0.244
4,800 2.53 0.762 4.32 5.19 5.51 0.133
TABLE XVIII.
Fig. # Re
22a 186,000
22b 186,000
22c 186,000
22d 186,000
22e 186,000
23a 61,000
23b 61,000
23c 61,000
23d 61,000
23e 61,000
24a 6,630
24b 6,630
24c 6,630
24d 6,630
24e 6,630
24f 6,630
* Relative 
^ * n' Amplification
2.5000 1/219
1.0000 1/438
0.04000 1/875
0.02000 1/875
0.0075 1/438
2.5000 1/80
1.0000 1/160
0.2500 1/160
0.0250 1/320
0.0075 1/80
2.5000 1/10
1.0000 1/40
0.4000 1/20
0.2000 1/5
0.0075 1
0.0075 1
OSCILLOGRAM DATA
u * u /« «/mV Milliaec
(Ft/Sec) (Ft/Sec) /u'% cm
3.14 90.0 3.49
5.44 80.0 6.80
8.13 50.0 16.3
8.57 41.6 20.6
4.29 22.4 19.2
0.89 30.0 2.96
1.68 26.8 6.27
2.28 22.4 10.2
3.58 13.4 26.7
1.1 4.3 25.5
0.14 3.5 4.0
0.27 3.15 8.57
0.037 —
mm mm
r o
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APPENDIX B
THE DETERMINATION OF n (PAI'S EQUATION) BY THE 
METHOD OF LEAST SQUARES
Pat's equation (11-33) contains two constants, s and n, 
both of which can be calculated from friction factor and 
uA^Um plots. However, before equation (11-41) was derived, 
to calculate n from the generalized plots, it was necessary 
to predict n from the experimental data. To calculate n from 
experimental data, the method of least squares, with slight 
modifications, was used.
Pai's equation (11-33) may be written as
* ■ {  - 1 ■ H " !  na +  S - H  CB-i)
The method of least squares minimizes (Y0 - Y)2 by taking the
first derivative of (Y0 - Y)2 with respect to n and setting it 
equal to zero. However, when this is done as equation explicit 
in n cannot be obtained. It is therefore necessary to resort
to a numerical method for the determination of n. The method
used in this research was that of Newton.
Newton'8 method consists of assuming a value of n (ni.) and
9 (Y ** Y)2 d s (Y — Y)2
calculating ■■-- 0----—  and — ---1—  using the assumed value
9n a*n
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of n. The second (i + 1) trial value of n is calculated by
/ » ( y0 - *)a a’Ofo - T)* \
ni+i " ni ' V  55--------5*5 )± (B'2>
8 (Y “ Y} ^
This operation is repeated until *■ ■ -0-- -— I— is sufficiently
on
close to zero.
For Pai's equation
(Y0-Y)* - Y0* - 2 ( §E| ) Yon*. - 2 ( ) Y0nm  + ( )* t|4
+ 2 (  &  )  (  )  'ianan
+ ( & ) * ’>“  CB-S)
+ * (n*l)j /  Y0^ + (n-l)s X  11
u. , - Y .  ^
+ Z  "*n 11 - Z  ”4n <b-4>
a(Y0-Y)a _ . 2(1-8) y  , _ 4(1-8) y
3n (n-1)2 ^  Yon (n-1) X  Yo 1 ™  I* t)
2(1-8) y  *n . 2(8-n)(l-s) y  
(n-1)2 Z _  04 (n-1)3 Z _  n
+ lilgKpl ,8,8" ta „
- 2(1t - (i)5n''1J- Z  * T & f^ Z  B<n -
The calculation of these equations/ by hand, would re­
quire a prohibitive amount of time; therefore, the IBM 650 
was used for the calculations. The 650 programs were written 
in FOR TRANSIT.
APPENDIX C
DERIVATION OF EQUATIONS FOR CROSS WIRE MEASUREMENTS
In Section 11 of Chapter III a qualitative analysis was 
made of the cross wire operation. It is now desirable to put 
the before analysis into quantitative form.
Considering wire 1, in Figure (lb), the component of the 
velocity in the plane of the paper perpendicular to the wire
and that perpendicular to the plane of the paper is v. Thus 
the value of the vector Ue is
is
(U + u) Sin + w Cos <t>x
x
2
(11-67)
(U + u)2 Sin2 0! + 2(U + u)(w) Sin 0X Cos 0X
(11-68)
but U5 »  Uu Uw »  va or, neglecting v2
Ue = (U + u) Sin 0i + w Cos 0X (11-69)
Taking the average
Ue - U Sin 0i (11-70)
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where
Ufi » average value of the effective velocity
and subtracting Ue from Ue
= u Sin 0X + w Cos 0x (H-71)
In equation (11-64) it is seen that the square root of the 
velocity, however, the Type 3A Hot Wire Anemometer (the one 
used in this paper) has a linearizing tube in which the rela­
tionship between the signal current and control voltage (across 
the wire) is the inverse of the bridge characteristic for a 
wire of the recommended size if operated at the recommended 
temperature.9 Thus, the current in the metering circuits is 
proportional to the instantaneous velocity; i.e., the instan­
taneous value of the effective velocity perpendicular to the 
wire. For the instantaneous velocity we may write
Ai
-- I (U + u) Sin 0x + w Cos 0X I (H-72)
i
where
Ix = instantaneous current in the metering circuit 
A x = calibration constant for wire 1 
similarly for the average velocity Ue
Ix « -L ‘ JL u Sin <f>x
a _ e * _Ax e Ax
(H-73)
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where
Ix average current In the metering circuit and the 
reading of the D.C. panel meter
If the current in the metering circuit (Ix) (which is 
proportional to Ue) is passed through a blocking capacitor, 
and the resultant current (Ix - Ix) Is measured on a root 
mean square indicating meter, the meter indication, Ly , will 
be proportional to the root mean square of (Ix - Ix) and also 
(Ue -lfe), or
iTl “ [ d i  - ii)a] - 17 [■<“, •■».)’]
where
Lp = root mean square meter indication for position 1 
further
* a
Ljx a ~  Sin2 0X + w* Cos® $ x +  2 m  Sin <f>x Cos tfxj* (11-75)
The constants of proportionality are supplied by the electronic 
equipment, thus (11-75) becomes
i
I— - T "i v  u2 Sin2 0x + w2 Cos2 0x + 20W Sin <px Cos <t>x 1 (11-76)
Ai  AxFxB L J
where
B s basic calibration constant of RMS Analyzer 
Fx « multiplying factor for RMS Analyzer position 1 
By a similar analysis it can be shown that If may be repre­
sented by
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ITa a [(I. - la)a]* = i  [(?. - Oe)] (11-77)
where
I.j» = root mean square meter reading position 2
or
x
12
u® Sin2 0a + w2 Cos2 02 - 2uw Sin 02 Cos 02j (11-78)
A V  7 Z F &
where
F2 *» multiplying factor for RMS Analyzer position 2
IfAx = A 2 » A  and 0X = 02 = <f> (which are the conditions
2 2assumed in experiment) subtracting 1^ ,^  from IT yields
Ffl|a - Fill = 4 uw Sin 0 Cos 0 (11-79)
or
55 - sI^T c o a  0 <F’ ITI ’ F2'ITa>
which is the correlation between the axial and the azimuthal
fluctuating velocities.
Consider now if (Ix - I*) and (I2 - I2) are added and
metered by the RMS meter. The meter indication ITfl would be
______________________________  x
It* “ ABF [ (l1 ' Tl) + (Ia ‘ *a> *]' (H-81)
where
lTa = RMS meter indication when the fluctuating currents 
from wire 1 and 2 are added
Fa » multiplying factor for RMS Analyzer position A
IT - _ L _  2<uS)* Sin 0 (11-82)
Aa ABFa
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further
ABFaIT
(11-83)
which is the Intensity of turbulence. A similar procedure 
applied to (Ix - Ii) - (I2 - I2) yields
= RMS meter indication when the fluctuating current 
from wire 2 is subtracted from the fluctuating 
current in wire 1
Ft ■ multiplying factor for RMS Analyzer position B;
From the foregoing analysis it is thus possible to calculate 
u 1, w 1 and ui7 and, it should be obvious, that by rotating the 
wires 90° it will be possible to similarly calculate va and uV.
The wire orientations considered above are certainly not 
the only ones that can be used nor are the turbulence components, 
given above, the only ones that can be measured; however, they 
are the ones that were considered in this research.
or
<wa>2 “ 7 “STh'T
X ABFbITb
(11-85)
where
APPENDIX D 
ERROR ANALYSIS
When measuring turbulent flows with a hot wire anemometer 
many factors influence the accuracy of the results. Some of 
the more prominent ones are:
1. The electronic equipment .used to measure turbu­
lence has built in errors due to the inherent inaccuracy of 
the meters, resistors, capacitors, etc., used in the circuits. 
Hubbard10 estimates that because of the high quality components 
used in the Type 3A Anemometer these errors will be less than 
57.. The 57. has probably been improved on since the multiplier 
resistors in the RMS Analyzer were calibrated by the author.
2. The accuracy of the results depends on the slope
of D.C. panel meter current vs mean velocity curve (A). This 
curve can usually be made linear by varying the overheating 
ratio of the hot wire. However, in some cases complete 
linearity was not achieved. It is estimated that the slope
of the before curve did not deviate more than 5%.
3. Low frequency turbulence causes the meters to
fluctuate considerably. This is particularly aggravating at
low velocities and is almost nonexistent at the higher velocities.
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This could cause errors up to about 207. in the low velocity 
runs (less than 5 ft/sec) when the turbulence was of high 
relative Intensity and low frequency.
4. In the calculations of the cross wire measure­
ments It Is assumed that the wires are at 45° angles to the 
flow and that the calibration constant, A, Is the same for 
both wires. In this research the angles of the wires were 
set by a very approximate method. Further, the angle that 
the wires made with the flow changed as the probe position 
changed. With these facts in mind it is doubtful that the 
cross wire results could be better than 30%.
With the above analysis as a guide it is estimated that 
the accuracy of the results is as follows:
1. Mean Velocity— 5%, except in low velocity, low 
frequency, high relative intensity turbulence where errors as 
high as 10% might be expected.
2. Intensity of Turbulence— 10%, except in low 
velocity, low frequency, high intensity turbulence where 
errors as high as 20% might be expected.
3. Dissipation length--10%, except at the Reynolds 
numbers below 100,000 where the random noise signal is of the 
same order of magnitude as the turbulence signal.
4. Azimuthal intensity of turbulence— 30%.
5. Correlation between the axial and azimuthal 
fluctuating velocities--100%. The reason for the unreasonably
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high error in these results Is that it Is necessary to take
the difference of the square of two numbers that differ by
♦
very little and both of the numbers are subject to considerable 
error.
APPENDIX E
CALIBRATION OF MULTIPLIER ON THE RMS ANALYZER
The calibration curves £or Channel 1 of the RMS Analyzer 
are shown in Figures (37) and (38). The data for these curves 
were obtained by feeding a known voltage, of variable fre­
quency, into the plug jack on the front of the RMS Analyzer, 
and recording the reading on the turbulence indicating milli- 
ammeter (I<p). The frequency was varied between 10 and 40,000 
cycles per second; however, the average reading' for a given 
input voltage was determined by assuming that most of the 
turbulence lies at frequencies below 4,000 cycles per second.
The Channel 2 calibration is essentially the same as 
Channel 1 and is therefore not displayed.
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FIGURE (37)
CALIBRATION OF RMS ANALYZER CHANNEL 1
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FIGURE (38)
CALIBRATION OF RMS ANALYZER CHANNEL 1
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APPENDIX F 
CALIBRATION OF THE HOT WIRE
A typical hot wire calibration is shown in Figure (39). 
The hot wire is calibrated by placing the hot wire, in a con­
stant velocity gas stream, along side a pitot tube. The 
velocity of the gas stream is determined from the manometer 
connected to the pitot tube and for each velocity the D.C. 
panel meter reading (I]i is recorded. The slope of a plot of 
U vs I gives the calibration constant, A, used in the calcu­
lation of the turbulence quantities.
The calibration constant for the cross wires is obtained 
iir^~8imilarnimy~~ti:,e., U Sin 0 is plotted vs I)an dtKe ‘
slope of this curve gives the calibration constant, A.
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FIGURE (39) 
CALIBRATION OF THE HOT WIRE
100
80
60
40
Probe 2 Wire 10
A = 100 ft/8ec/ma
20
0
6 8 1.0420
I milliarops
APPENDIX G 
SAMPLE CALCULATIONS
1. Intensity of Turbulence
u 1 = ABF IT
For Probe 2 Wire 12, 0-100 Ft/sec calibration 
A ■ 99.8 Ft/sec/ma 
B « 0.002 
At r = 0, Re =• 201,000 t 
FIT - 17.25
u' - (99.8)(0.002)(17.25) = 3.45 Ft/sec
2. Dissipation Length
UB Ft It 
X ° D FTd lTd
For Probe 2, Wire 12, 0-100 Ft/sec calibration 
B = 0.002 
D - 37.7 
For r «■ 0, Re = 201,000
t
U « 98.3 
Ft It a 17.25 
FTd - 2 
iTjj ** 3.70
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.(98 » 3) (0. 0.0.2), (17_».25)
* - (37.7) (2) (3.70) - 0.0118 ft
3. Axial Intensity of Turbulence
W 1 « -.A8.?__ Info
2 C o 8 0
For Probe 3 Wires la and lb, 0-100 Ft/sec calibration
A = 67.3 Ft/sec/ma
B = 0.002
0 » 45°
At r a 0, Re a 186,000
FLje » 19.3
, (67.3)(0.002)(19.3)
w = 2(0.707) = 1,83 Ft/sec
4. Correlation Between the Axial and Azimuthal Fluctuating 
Velocities
—  A 2B2 uv —
4 Sin 0 Cos 0
For Probe 3 Wires la and lb, 0-100 Ft/sec calibration 
A = 67.3 
B = 0.002 
0 = 45°
At r a 0, Re a 186,000 
FTjITj a 18.9 
FTj|IT a 17.0
w  m -C§7_._3.)_2(q.p02_)2 ri8 9a . 17.02] = 0.61 (Ft/sec)2 
4(0.707)(0.707) L J
APPENDIX H 
NOMENCLATURE
constant in logarithmetic velocity distribution or 
calibration constant for hot wire
calibration constant for wire 1
calibration constant for wire 2
constant in logarithmic velocity distribution or 
basic calibration constant for RMS Analyzer
heat capacity
diameter of hot wire or thickness of the layer, near 
the wall where most of the turbulent energy production 
takes place
multiplying factor for RMS Analyzer Position 1
multiplying factor for RMS Analyzer Position 2
multiplying factor for RMS Analyzer Position A
multiplying factor for RMS Analyzer Position B
Moody friction factor 
longitudinal correlation coefficient 
Grashof number for hot wire 
heat transfer coefficient
heat transfer coefficient based on thickness of laminar 
sublayer
instantaneous current in the metering circuit
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i - instantaneous current through the wire
11 - instantaneous current in the metering circuit from
wire 1
12 - instantaneous current in the metering circuit from
wire 2
Ix - average current in the metering circuit from wire 1,
and also the reading of the D.C. Panel meter in 
Channel 1
I2 - average current in the metering circuit from wire 2,
and also the reading of the D.C. Panel meter in 
Channel 2
I<T - RMS Analyzer reading
- RMS Analyzer reading Position 1
IT^ - RMS Analyzer reading Position 2
“ RMS Analyzer reading Position A
IXg - RMS Analyzer reading Position B
1 ^  - RMS Analyzer reading with differentiator on
Ki - constant in King's equation
K2 - constant in King's equation
k - thermal conductivity
m - constant in Deissler's mean velocity distribution
(Nu)w- Nusselt number for hot wire
n - constant in Pai's mean velocity distribution
Pr - Prandtl number
P - average pressure
P ^  - average pressure at (r,x)
p - fluctuating pressure
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R - electrical resistance
(Re)w- Reynolds number of hot wire
c
Re* - friction Reynolds number
Rw - resistance of hot wire
Ro - resistance of hot wire at an arbitrary reference
temperature
Re - resistance the hot wire would have at T»
„ 2r0UAp
Re - pipe Reynolds number ----~—
(Rij)AB " correlation coefficient between the fluctuating velo­
cities i and j at points A and B respectively
r - radial coordinate
r0 - pipe radius
S - length of hot wire
s - constant in Pai's equation for mean velocity
distribution
T - temperature
Tg - temperature of gas stream
Tw - temperature of hot wire
t - time
U - instantaneous velocity in axial direction
U - average velocity in axial direction
u - fluctuating velocity in axial direction
u' - intensity of turbulence in axial direction
U* - friction velocity
U+ - a dimensionless velocity
U° - a velocity characteristic of the flow
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<ui>A‘
<uJ)b -
(ui>A-
—*■
Ue “ 
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W
w
w
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X
V
an arbitrary velocity of the flow ,
fluctuating velocity in direction i at point A
fluctuating velocity in direction j at point B
intensity of turbulence in direction i at point A
intensity of turbulence in direction j at point B
effective vector velocity perpendicular to the wire
average of the effective vector velocity perpendicu­
lar to wire
vector velocity
experimental value of mean velocity
average velocity calculated from Pai's equation 
using n determined from experimental data
average velocity calculated from Pai1s__equation 
using n determined from friction and (U^/Umax) plots
instantaneous velocity in radial direction
average velocity in radial direction
fluctuating velocity in radial direction
intensity of turbulence in radial direction
instantaneous velocity in azimuthal direction
average velocity in azimuthal direction
fluctuating velocity in azimuthal direction
intensity of turbulence in azimuthal direction
axial coordinate
dimensionless distance from pipe wall
experimental value of (i-0
distance from pipe wall 
thickness of laminar sublayer 
azimuthal coordinate 
shear stress
shear stress at the pipe wall
(r/r0) a normalized radial distance from the center 
of the pipe
axial distance between the points where the fluc­
tuating velocities are measured in the relationship 
for the longitudinal correlation coefficient f(vO
dissipation length
angle between x axis and wire 1
angle between x axis and wire 2
coefficient of expansion of the gas
density
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